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Gravitational waves (GWs) have been a longstanding prediction of Einstein’s General Relativity for over
a century. The era of GW astrophysics was inaugurated in 2015 by the detection of a signal from a
binary black hole merger. Since then, significant progress has been made in the field, making signal
detection routine. This advancement has revolutionized astrophysics, cosmology, and our understanding
of the universe and our galactic vicinity. However, much work remains to be done. The detection of GWs
has opened new avenues for studying the Universe and testing fundamental physics. As LIGO, Virgo
and KAGRA undertake another observation run (O4) with an improved sensitivity, non-axisymmetric
neutron stars emitting quasi monochromatic, long-standing GWs are expected to be within the detectors’
sensitivity band. However, their detection in the presence of noise remains a challenging problem. In
recent years, Deep Learning approaches have been proposed as a potential solution to this issue. This
study explores the effectiveness of employing a transfer-learning approach with a binary-classifier network,
based on ResNext50, for detecting unmodeled CWs embedded in Gaussian and real-detector noise from
the O3 observation run. This model leverages spectrograms derived from the H1 and L1 detectors,
divided into numerous segments each extending over approximately four-days periods. Such method is
compared to the SOAP CW pipeline, showing improved efficiency and generalization to lower signal-
to-noise ratios. Through this technique, inference is applied to several data segments to accumulate
a comprehensive detection statistic across frequency bins. The results show the benefits of the use of
more complex network-architectures and set a precedent for the further development of the detection of
unmodeled CW signals based on artificial neural networks. Although progress has been made, further
work is needed regarding the choice of a semicoherent scheme adapted to longer observation times.

Several options for future research on the studied CNN architecture are proposed.
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Notation and conventions

Indices, metric signature, four-vectors
Greek Indices like o, 8,--+ or u,v,--- can take the values 0,---,3 while spatial indices are denoted
by latin letters 7,7,--- and they take the values 1,2,3. The flat-space (Minkowski) metric is 1, =

diag(—1,1,1,1), which is the usual signature in General relativity. We also consider

) ) )

o = (2% x), 2 = ct,
0 1
O, = I <cat,8i> )
O = 7,0"0"
drz = da¥ &Pz = cdt Pz

A dot denotes the time derivative f (t) = 0:f = cOpf. Following the Einstein summation convention,

repeated upper and lower indices are summed over.

Important tensors in General Relativity

The definitions of the Christoffel symbols, Riemann tensor, Ricci tensors and scalar curvature are as

follows
M, = sg (9 ) )
py o 59 ( n9ov + v9ou — crg,ul/)a
Rﬂypa = aﬁruva - a‘TFMV[) + Fuaprauo - FMO«TFQW)’
R/ﬂ/ = Rauau

R = ¢"R,



Introduction

Gravitational waves (GWs) are a direct consequence of Einstein’s general theory of relativity, first pre-
dicted in 1915 as ripples in space-time that propagate at the speed of light. Initially, they were considered
nonphysical and merely mathematical curiosities that could be ”"gauged” away by coordinate transfor-
mation. However, the existence of GWs is now firmly established. Over the past century, numerous
theoretical and experimental advancements have been made. Significant milestones include Joseph We-
ber’s antenna [1] in 1958, the observational evidence from the Hulse-Taylor pulsar [2] in 1974, and the
first direct detection of GWs [3] by the Laser Interferometer Gravitational-Wave Observatory (LIGO)
in 2015, which identified a signal from a binary black hole (BBH) merger.

The study of GWs has become a highly active area of research, with significant advancements both exper-
imentally and theoretically. After decades of development, GW detectors have achieved the sensitivity
needed to detect hundreds of events each year, making observations of Compact Binary Coalescences
(CBC) involving black holes and neutron stars routine. A notable breakthrough in this field is the devel-
opment of multimessenger astronomy using a gravitational channel, exemplified by the GW170817 event
[4]. This event, an inspiral of a binary neutron star system observed through both gravitational and
electromagnetic signals, provided crucial insights, such as constraints on the speed of gravity relative to
light, and challenged some modified gravity theories [5]. The integration of gravitational and electro-
magnetic observations is just one example of the many possible new research opportunities that the field
has to offer, setting the stage for further discoveries with the upcoming deployment of next-generation

detectors like LISA, DECIGO, Cosmic Explorer, and the Einstein Telescope.

Parallel to these experimental advancements, theoretical research has also made significant progress.
Our understanding of the mechanisms generating GWs, spanning both astrophysical and cosmological
contexts, has deepened. Detecting long-lasting Continuous Waves, transient signals, the stochastic back-
ground, and GWs from events such as stellar collapses and supermassive black hole activity, as well as
hypothetical sources like dark matter or cosmic strings, is becoming increasingly feasible. Therefore, it is
crucial to prepare for possible detection scenarios, especially for signals that are theoretically within the
sensitivity band of current detectors but are challenging to analyze due to the computational expense
of matched-filtering algorithms. This thesis focuses on the continuous gravitational radiation emitted
by rapidly spinning neutron stars, known as Continuous Gravitational Waves (CWs), and explores their
detection using a Deep Learning (DL) based approach. To provide the necessary background, Chapter

1 introduces the fundamental concepts of General Relativity and the framework of gravitational wave

1



Introduction 2

physics. Following this, Chapter 2 delves into the specifics of CWs and their detection. The foundations
of DL techniques follow in chapter 3. The application of DL techniques to this detection problem and

the main results of this study and discussion are presented in Chapter 4.



Chapter 1

Gravitational Waves

This chapter introduces the principles of GW physics as described by GR and provides an overview
of the detectors and astrophysical sources. While a detailed derivation of the main results from GR
is not presented, this chapter offers a concise and accessible introduction, serving as a roadmap to the
fundamental concepts necessary for understanding the main research themes discussed in the subsequent

chapters.

1.1  General Relativity

General Relativity (GR) concerns the geometrical description of the curvature of space-time caused by
the presence of matter and energy. Also known as “Geometrodynamics,” the central idea around the
equations governing the gravitational interaction is that matter tells space how to curve, and space tells
matter how to move. From the principle of least action, one can write the action as an integral of a
Lagrangian density taken over space-time, as the sum of a contribution of the field L and a contribution

from matter £y,

S = /d% (Le+ Lar) . (1.1)

Following a similar approach to Newtonian gravity, one might incorporate into the field part of the action
a quantity that depends on the second derivatives of the coordinates. In a purely geometrical description,
the only independent scalar that can be constructed from the metric tensor g, and that contains second

partial derivatives is the scalar curvature R. Hilbert demonstrated that the simplest form of this is

3

~ 167G

Lg

V—ygR, (1.2)

where G is the gravitational constant and c is the speed of light. The equations of motion follow from

the variation of the action with respect to the metric g, — g + dguv

58 = /d4x (V=99" 6 Ry, + V=9gRu 69" + Ro\/=g) , (1.3)

3



Gravitational Waves 4

where the scalar curvature is obtained from the contraction of the Ricci tensor R = g"”R,,,. Computing

and grouping terms with respect to the variation of the metric, one obtains

1
0SE = /d4m\/—g (R;w — 2Rgu,,) ogh (1.4)

On the other hand, the matter component of the action involves the energy-momentum tensor of matter

T which is given by the variation of the metric according to

1
0SSy = 2—c/d4x\/ng"”59W (1.5)

By requiring that §5 = 0Sg + 05y vanishes for arbitrary variations, one finds the central equations of
GR, the Einstein Field Equations (EFE)

&G

1
R/M/ - iRg;w = CTT,U,V (16)

1.2 Gravitational Waves

Just as “water waves” can be thought of as small ripples rolling across the ocean, GWs can be identified
as tiny ripples propagating through space-time. Mathematically, this identification involves separating
the curved space metric into a slowly varying background part (the ocean) and a perturbation part (the

small ripples). In terms of the metric, the EFE can be expanded around a flat-space background as:
G = T+, (] <1, (L.7)

where n = diag(—1,1,1,1) is the Minkowski metric and h,,, is the metric perturbation. In this linearized
theory, the equations of motion are expanded to linear order in h,, . General Relativity is invariant under
arbitrary coordinate transformations, a property known as “gauge” invariance. However, for practical
experimental measurements, we choose a specific reference frame, thereby breaking this invariance. In

such a frame, within the standard Lorentz gauge, the field h,, must satisfy the conditions
- 1 oo -
hpw = Ry — 577,“, (n”°hpe),  0"hu, =0. (1.8)

In this gauge, after a straightforward computation, the equations of motion (1.6) reduce to

. 167G
Ohy = _CTTW’ (1.9)
where the [ operator is the d’Alembertian [ = 7,,0"0". For further details on the derivation of Eq.
(1.9) see Appendix A.1. Physically, this linearized theory approximation implies that the bodies that act
as sources of GWs are assumed to move in flat space-time, along trajectories determined by their mutual

gravitational influences. For a self-gravitating system, because the background space-time metric is 7,

their dynamics are described by Newtonian gravity rather than full GR. The response of test masses to
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the GW part h,, generated by these bodies is computed using ¢, = 1. + by neglecting terms O(h?)
when evaluating R,,,. The Lorentz gauge reduces the ten independent components of the metric to six.
However, further simplifications can be made to Eq. (1.9). To study the propagation of GWs, we focus

on a region of space-time outside the source, i.e. TH” = 0, resulting in
Ohyw =0, (1.10)

which is the well-known wave equation. Additionally, since the Lorentz gauge conditions from Eqs. (1.8)
are invariant under the coordinate transformation x* — x* 4+ £*, we can impose the transverse-traceless
gauge (TT gauge) defined by

o =0, B, =0, &hi;=0 (1.11)

7

to further reduce the number of independent components of the metric to just two. The first condition
ensures that only the spatial components are nonzero, the second guarantees a trace-free metric, and
the third imposes that the spatial components are divergence-free. The wave equation has plane wave
solutions of the form

Wi = eij(k)e'a", (1.12)

where k" = (w/c, k), w/c = k| and e;;(k) is the polarization tensor. By choosing n along the z axis and

imposing the TT gauge, the solution to Eq. (1.10) can be written as

hy hyx O
hZ;T(t,z): hy —hy 0] coslw(t—z/c)] (1.13)
0 0 0

where hy and hy are known as the “plus” and “cross” polarizations of the wave respectively. It’s useful

to express this result in the plane-wave expansion. The solution for DhiTjT = 0 can be expressed as

3
it (x) = / (%3 (A (R)e™™ + A7 (k)e™ ™) (1.14)

Taking into account that d3k = |k|?dk d2 = (27 /c)3 f2df dS2, the above equation reads
1 > S AN\ —2mif(t—n-x/c
BIT = ?3/0 df f2/d2n (Aij(f, e 2mif(t-na/o) 4 c.c) (1.15)
Now, by explicitly defining the polarization tensors as
e, ('fl) = ﬂiﬂj — ﬁiﬁj, e = ﬁ,i’f)j + ’lA)l’llJ (1.16)

where w and ¥ are unit vectors orthogonal to the propagation direction n and to each other. Without

loss of generality, a frame where nn = Z can be chosen so that

eh = ) e, = , (1.17)
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Then, in a generic frame, the amplitudes h A(f,m) can be defined by
f? ; A
Ay (fn) = > half n)efi(n) (1.18)
A=+,x

so that Eq. (1.15) becomes

hav(t, ) Z / df/dgnhA f,n) e (n) e~ 2rift-nz/c) (1.19)
A=+,x
defining implicitly that h(—f,n) = h*%(f, 7). Additionally, to better understand the effects of a GW

on test masses, it is important to study the proper detector frame using the geodesics equation

d?zH dx” dx”
Ik = 1.2
dr? YPdr dr =9 (1.20)

which is the classical equation of motion of test masses in the curved background described by the metric
ww- When considering two nearby geodesics parametrized by «#(7) and x*(7) + £#(7), replacing both
in Eq. (1.20) and taking their difference, up to first order in £, one gets

dz” d dz” dz?
I og, T, ()dx de —0, (1.21)

dzemn
2T+,
dr? + ol )d dr
which is the equation for geodesics deviation. Assuming the detector moves non-relativistically, dz®/dr
can be neglected compared to da’/dr. Given that I'#,, vanishes at the expansion point P and that

9yT%, is evaluated at the point P, this simplifies to

d2§i ; dz® 2

In a linearized theory, the Riemann tensor is invariant, so we compute Rino in the TT frame, finding

that the geodesics deviation in the proper detector frame up to linear order in h, where t = 7, is
&= thTgﬂ (1.23)

where the dot denotes the derivative with respect to the coordinate time t. One remarkable consequence
of this expression is that the effects of the GW in the detector frame can be described by a Newtonian-
like force without further reference to GR. Thus, in practice, as long as we can sufficiently isolate the
detector from the influence of other slowly varying Newtonian forces (implicit in the approximations
made for the Christoffel symbols and their derivatives), the effect on test masses can be measured in a
frequency window [ fumin, fmax| where fuin is sufficiently large to control slowly varying Newtonian noises.
Neglecting terms beyond linear order in £ defines a characteristic scale over which the gravitational field
remains approximately constant. For GW, this length scale is the reduced wavelength X. Hence, if a

detector has a linear size L, Eq. (1.23) is valid if and only if L < X.
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1.2.1 Fermi coordinates

As mentioned before, it’s possible to give a quasi-Newtonian description of the motion of point masses
under the action of GWs. To get even more insight, we can use the Fermi coordinates, i.e., a local
inertial frame defined in a neighborhood of an entire timelike geodesic, that deviates from the flat metric
only quadratically in the distance from this world-line. Thus, using Fermi coordinates x* defined in the

vicinity of the world-line of a freely falling observer , the space-time interval takes the form
ds? = —(dz®)? + 6;;dz’dx? 4+ O(|z|? /d?), (1.24)

where deviations from the flat space metric appear at a quadratic order in the spatial distance |z¢|? and
d is the curvature radius such that |Rapu| ~ d~2. The coordinate transformation from the TT gauge

to the Fermi gauge given by the last equation [6] reads
0=t ¥ — o SRTT (L, G 1.25
r =7, x_x+§ij(a)x (1.25)

where hT'(t,0) denotes the value of the field AZT along the world-line of the free-falling observer. In the
particular case of a monochromatic wave of frequency w (as measured by the observer) that propagates

along the direction # direction. Using hy x (t) = Hy ye™? gives

1 .
#(t) = mo+ 3 (Hyxo + Hyyo) ™! (1.26)
A 1 ”

g(t) = wo+ B (Hxzo + Hyyo) e™" (1.27)
3t = 2z (1.28)

Thus, a GW that propagates through an initial circular ring of particles induces alternative contractions
and elongations along the & and ¢ directions for the 4+ polarization, and along the § = & and § = —2
directions for the x polarizations (See Fig. 1.1). A generic GW can thus be understood as a superposition

of two oscillating tidal fields that propagate at the vacuum speed of light.

1.2.2 The Quadrupolar nature of GWs

Without the aid of GR, it is possible to get an initial insight about the nature of GW radiation. From
electromagnetism, we know that the electric- and magnetic-dipole radiation terms (proportional to the
second derivatives of the dipole moment d and the magnetic moment f) dominate the power output. For

2

the gravitational case, to get a rough approximation, with the substitution e> — —m? we can approximate

Newton’s law of attraction with Coulomb law. In this case by using the gravitational analog of the dipole

moments

d = Z(“charge”)(position) = Zmixi =p, (1.29)
n o = Z(position) x (“current”) = Zri X (mv;) =J, (1.30)
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FIGURE 1.1: A monochromatic GW of frequency w propagates along the 2 direction. The lower panel
shows the effects of the + and the x polarizations on a ring of freely falling particles in a local inertial
frame.

it is immediately clear that by virtue of the conservation of linear and angular momentum, there can be
no mass dipole radiation of any sort. However, following the derivation found in [7], in the slow-motion

expansion one can solve Eq. (1.9) in terms of the second moment of the mass distribution @;; as

2G d?
hit(tr) = e Tt —r/e), (1.31)

where 7 is the distance from the source and the second moment of the mass distribution is given by

Qij(t) = /p(t, x) 'a? . (1.32)
Here p = T%/c? is the mass density. The energy flow per unit time through a unit surface at a large

distance from the source is given by

dFE B cr?

i T T'T
s %/dﬁ (hij hi;") (1.33)

Consequently, by integrating over the solid angle and taking the temporal average over several charac-

teristic periods of the GW, one finds that the total radiated power is
G
P = §<QijQij>a (1.34)

making manifest that the leading term of GW radiation is quadrupolar in nature. The fact that elec-

tromagnetic radiation is predominantly dipolar and gravitational is quadrupolar are consequences of a
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general theorem [7]. Consider a classical field, whose associated quantum particles have integer spin S
and zero rest mass. Expand the radiation field into spherical harmonics (multipole moments). All compo-
nents with [ < S will vanish and this is independent of the nature of the source. Gravitational radiation

possesses a S = 2, hence its leading term for slowly moving sources v < ¢ should be quadrupolar.

1.3 Detectors of GWs

Designing GW detectors is analogous to designing radio receivers, except that electric charges moving
freely in conductors are replaced by test masses. This concept is illustrated in Fig. 1.1, showing how a
ring of particles is deformed by a passing GW. The first of such detectors was constructed by Weber [1] in
the 1960s. It was a large stiff bar in which GWs could induce quadrupole vibrations. Unfortunately, as it
was later shown, its sensitivity was at least ten orders of magnitude below what was required to make a
confident detection. Carrying out on this line of work, the International GW Event Collaboration (IGEC)
used five cryogenic resonant mass detectors: ALLEGRO [8], AURIGA [9], EXPLORER and NAUTILUS
[10] and NIOBE [11]. Later, instruments like MiniGRAIL [12] and Schenberg [13] were designed using
spherical antennas with the hope of determining both source direction and wave polarisation. Today,
most research is focused on detectors that consist of a distribution of at least two test masses that are
coupled together by an electromagnetic field (such as a laser beam) instead of mechanical forces. In
almost all cases, an elaborate Michelson interferometer is the standard choice because of its ability to
measure relative displacements in orthogonal directions, whilst suppressing the noise of the light source

used for the measurement.

Depending on the frequency band of interest, different factors dominate the design of detectors. At lower
frequencies, the nanohertz band (fraction of a cycle per year), the pulsar timing technique uses pairs
of test masses consisting of the Earth and certain distant milisecond pulsars. While quite tiny, the EM
field of the pulsar beam provides the coupling field of detection. Detection depends on the precise timing
between different Earth-pulsar pairs. The International Pulsar Timing Array project and the NANOGrav
collaboration carry on detection using this technique and have recently found evidence [14] for the GW
Background of the universe. At around one cycle per hour, space laser interferometry has been proposed.
This technique requires sets of kg-scale tests masses linked by low-power laser beams on a multi-million
km baseline. The Laser Interferometer Space Antenna (LISA) [15] consists of three spacecraft placed
at the vertices of an equilateral triangle of size 5 x 10° km and set in solar orbit at 1 AU 20° behind
the Earth. At around 0.1 - 1 Hz another space laser interferometer with 1000 km baselines has been
proposed. DECIGO [16], the Deci-hertz Interferometer Gravitational Wave Observatory, consisting of
three drag-free satellites 1000 km apart. The relative displacements between the craft would be measured

using three sets of Fabry-Perot Michelson Interferometers.

In the terrestrial audio frequency band (about 10 Hz to ~ 3 kHz), changes in the spacing of test masses
kilometers apart are measured with very high power laser interferometers. These include LIGO, Virgo,

GEO600 and KAGRA. Third generation detectors are also expected to be added to the network in the
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TABLE 1.1: A comparison of various detectors of GWs

Frequency band Technique Projects
Nanohert Pulsar NANOGrav [17]
z timing Parkes Pulsar Timing array [18]

International Pulsar Timing Array [19]
European Pulsar Timing Array [20]

Space
Milihertz transponder Laser Interferometer Space Antenna (LISA) [21]
interferometers

Fabry-Perot
Decihertz space laser
interferometer

Deci-hertz Interferometric Gravitational
Wave Observatory [16]

Terrestrial laser Advanced LIGO [22]
interferometers ~ Advanced Virgo [23]

KAGRA [24]

TAMA [25]

LCGT [26]

GEO [27]

AIGO [28]

ET [29]

Cosmic Explorer [30]

Audio

Acoustic IGEC [31]

detectors IGEC2 [32]
MiniGRAIL [12]
Schenberg [13]

Kilohertz

next decade like the Einstein gravitational wave Telescope (ET) and the Cosmic Explorer. For these
detectors, a laser beam is the source of the EM coupling field. For a summary of various GW detectors,
see Table 1.1. The relative phases (or difference in travel times) of the reflected beams are compared
with the help of a beam splitter that recombines the beams. Any relative change in length of the two

arms due to a passing GW is observed as an intensity variation at the beam splitter output.

1.3.1 Michelson Interferometer

The Michelson interferometer is a well-known experimental apparatus in physics and was first used to
show the non-existence of the luminiferous ether in 1887. It is an extremely accurate instrument for
measuring changes in the travel time of light in its arms. The simplest conceptual scheme is shown in
Fig. 1.2. It consists of a monochromatic light source (a laser beam), whose light is sent on a beam-splitter
which separates the light, into a beam travelling in one arm and a beam traveling in a second, orthogonal
arm. At the end of each arm, we have totally reflecting mirrors. After travelling once back and forth, the
two beams recombine at the beam splitter, and a part of the resulting beam goes to a photodetector, that
measures the final output intensity. Let wy, be the frequency of the laser so k;, = wr/c and A = 27 /kp,
are the wave number and the wavelength of the laser. A given spatial component of the electric field of
the input laser light is

E = Eye~ wrttike® (1.35)
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FIGURE 1.2: The layout of a simple Michelson interferometer.

Let’s denote the length of the two arms by L, and L,,. After the beam travels through the beam-splitter,
the arms and then recombine again, when considering overall phase shift factors due to reflection and

transmission, the power measured by the photodetector is proportional to
|Eous|® = E5 sin® (kr(Ly — L)) (1.36)

Thus, any variation in the length of the arms results in a corresponding variation of the power at the
photodetector. The quantity inside the sine corresponds to an effective phase shift A¢ that can be broken

down in two parts

Ad = ¢o + Aga(t) (1.37)

where the phase ¢ is a parameter controlled by the experimenter, chosen to have the best working point
for the interferometer and A¢,(t) contains the effect of the GW. To see the full details of the formal
derivation of A¢, in the TT gauge see [33]. It can be shown that the optimal length of the arms for a

Michelson interferometer is L = gy, /4 or

(1.38)

L =750 km <100 HZ)

qgw

Hence, to measure GWs with frequencies of order of ~ 100 Hz, the optimal choice would be an arm-length
L of hundreds of kilometers. This is in practice very difficult. The alternative is therefore, to “fold”
the optical path of light, making it bounce back and forth many times in each arm before recombining
both beams. The solution adopted by modern interferometers like LIGO is transforming each arm into
a Fabry-Perot (FP) cavity. Basically, photons are allowed to bounce back and forth hundreds of times

between the mirrors increasing the time a GW can interact with the light resulting in better sensitivity.
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1.3.2 Interaction with GWs in the proper detector frame

It is important now to understand the effects of a passing GW on our measurement device. For that, we
need to go back to the mathematical description of GW and look into the detector’s proper frame since
this is the reference frame implicitly used by the experimenter. In this frame, the effect of the passing
GW is a displacement of the test masses from their original position and, if the test masses are at a
distance small compared to the reduced wavelength Agw of the GW, the displacement is determined
by Eq. (1.23) and the space-time metric can be taken as flat. From Eq. (1.19), a GW with a defined

propagation direction n can be expressed as

hij(t,@) = > efj(n) /jo df ha(f)e 2 /0=ne/c) (1.39)

A=+,x

For simplicity, we take & = 0 as the localization of the detector. If the detector is sensitive only to GWs
with a reduced wavelength much larger than its size (2rffi - = - /X < 1), the spatial dependence

can be neglected, so that we can simply have

hij(t) = > efi(n) /_ h df ha(fle ™t = 3" efi(R)ha(t) (1.40)

A=+,x% A=+,X

In general, it is useful to think of a GW detector as a linear system h(t) = D% h;;(t) so that the expected

scalar calibrated output measured by the detector can be written as

h(t)= > DYe(R)ha(t) (1.41)
A=+,x

defining the detector pattern function Fa(n),
Fa(n) = D"efy(). (1.42)

Since the pattern function depends on the direction 72(6, ¢) and the detector’s geometry, the measured

strain can expressed in general as
B(t) = hi () F4(0,6) + b () F (6, ) (1.43)

The response of an interferometer to a GW with an arbitrary direction is encoded in F; and F.
Considering the limit wy,, L/c < 1, the motion of the mirrors is governed by the equation of geodesics

deviation (1.23). For two mirrors located at &/ = (L,0,0), (0, L, 0), the geodesic deviation reads

1. 1.
€= ghoal, &= ghy,L. (1.44)

These equations govern the change in the length of the z and y-arms of a Michelson interferometer, as

well as the change in the length of a FP cavity. The relative shift between the z and y arms is therefore
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N

Source

FIGURE 1.3: The geometry used in the computation of the pattern function computations. The arms
of the interferometer are along the x and y axes.

driven by %(hm — hyy) In other words, the detector tensor with arms along the & and g directions is

—_

Dij = 5 (@i; — 9:9;) (1.45)

[\V]

We have a frame (z,y, z) (proper detector frame) such that the arms of the interferometer are along the
2 and y axes. Then, we introduce a second frame of reference, the frame of the source (2’3, 2’), such
that the propagation direction of the GW coincide with the 2’ axis. With respect to the (z,y, z) frame,
the 2’ axis has polar angles 6 and ¢, as shown in Fig. 1.3. The polarizations h, and hy are defined with

respect to (z’,4'), so in the (2/,y’, 2') frame the GW has the form

he hy O
hijj=1hx —hy O (1.46)
0 0 0

j
The rotation transformation that brings the (2, y’, z’) frame onto the (x, y, z) frame is given by a rotation

by an angle § around the y axis followed by a rotation by an angle v around the z axis

cos(¢) sin(¢p) 0 cos(0) 0  sin(f)
R =] —sin(¢) cos(¢) 0 0 cos 1 0 (1.47)
0 0 1 —sin(f) 0  cos(h)

The GW in the (z,y, z) frame is then given by the tensor transformation law h;; = Rikleh;d. Upon

calculation we obtain

hyw = hy (cos?0cos® ¢ —sin® ¢) + 2hy cos O sin ¢ cos ¢ (1.48)
hyy = hyt (cos2 0 sin® ¢ — cos? (b) — 2h« cos f sin ¢ cos ¢ (1.49)
resulting in
1 1
5 (how — hyy) = B (14 cos® 0) cos 2¢ + hy cos sin 2¢ (1.50)
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and therefore

F.(0,9) = % (14 cos® 0) cos 2¢ (1.51)

Fy(0,9) = cosfsin2¢ (1.52)

These functions represent the sensitivity of the Michelson interferometer. One peculiar feature is that
GW interferometers have blind directions. For instance, for a GW with a plus polarization the direction

¢ = m/4 is blind.

1.3.3 Real GW interferometers

In the real experiment, there are many idealizations that do not hold and many other technical issues that
have to be accounted for. First, any laser beam has a profile in the transverse direction since it is subject
to diffraction. If at some point in space, a photon of wavelength A;, and longitudinal momentum p = A/X;,
is localized within a transverse width Az = a, by the Heisenberg principle, it has an uncertainty on the
transverse momentum Ap,; ~ h/a so the beam will widen, filling a cone of angle A0 = Ap, /p ~ X/a.
After traveling a longitudinal distance = the beam will become larger, in the transverse direction by
A0 ~ xAp /a. For interferometers like LIGO and VIRGO, the wavelength of the laser is A, ~ 1 um. For
x=4km and A\p = 1pum , we have a = 2.5 cm, the broadening of the light becomes important just in
a single one-way trip. Furthermore, for FP cavities where the beam is supposed to perform hundreds of
round trips, the beam would widen even further. When considering the Gaussian nature of laser beams,
it can be shown [34] that the surface of constant phase is the portion of a spherical surface, hence, the

mirrors inside the cavities should be spherical surfaces.

Second, the experimenter has to choose a point of operation, i.e. choose an initial phase ¢y from which
the phase due to any gravitational perturbation will be measured. In Michelson interferometers, the
GW produces a phase shift of the light A¢g,,. To extract this phase information from the output of the
detector, as shown in Fig. 1.4, a ¢ has to be chosen so that any variation in power P = Pysin® A¢
around that point can be accurately measured. At first, one might think that choosing ¢g = 7/4 yields
the best working point since the derivative 9P/d¢q is maximum and the sensitivity to small displacements
0 — 0 + Adgy(t) is highest, However, at this point the measurement is very sensitive to fluctuations
in laser power Fy. The usual practical solution to this problem is to choose the dark fringe point, i.e.
when the signal is absent, the instrument records zero output. This make the instruments insensitive to
calibration uncertainties. Unfortunately, at this point P = 0 and 9P/9¢ = 0 and because the change
in power due to GW is AP ~ O(h?), an effect quadratic in h would effectively be invisible. The
standard solution to this problem is phase modulation of the input laser light using a Pockels cells. In a
nutshell, a Pockel cell is a crystals or block of dielectric material whose index of refraction depends on
an applied electric field Eap = |E,p| cos Qmoat whose overall effect is to break down the effect of the GW
of frequency fg, into a carrier wave and side-bands that encode the signal in a term that oscillates as

c0s(modt — @) that no longer competes with the fluctuation of the laser at a frequency fg., but rather
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FIGURE 1.4: The power P(¢)/Py. The naive working point is marked as 1, and the dark fringe as 2.

with the fluctuations of the laser at a frequency fmoa which usually have a 1/f dependency, therefore

making it very small.

One further improvement is the so-called power recycling. Basically, since the dark fringe point was chosen
for the carrier wave, in the absence of GWs no light emerges from the beam-splitter in the direction of
the photodetector at the carrier frequency. This means that all the light at frequency wy, that circulates
in the arms is eventually reflected by the beam-splitter back toward the laser and essentially wasted.
To counteract shot noise (Sec. 1.3.4.1), it is desirable to have the highest possible power laser intensity
circulating in the arms. To increase it, the idea is to “recycle” the light that comes back toward the laser,
placing a mirror that reflect the light back toward the beam-splitter effectively creating a new FP cavity .
If the cavity is arranged so that it is resonant for the input laser light, the total intensity of the light that
circulates in the interferometer is enhanced, even by a factor ~ @(100). Finally, we also need an output
power cleaner. Even if the initial beam has been accurately prepared to very well defined low modes
thank to the input mode cleaner, imperfections in the mirrors or misalignments can regenerate higher
modes inside the interferometer. These higher modes are not in the dark fringe and therefore produce
undesirable noise that lower the contrast of the output. The output mode cleaner, placed between the
beam-splitter and the photodetectors filters out these higher modes. Putting it all together, we arrive at

an optical layout like the one in the illustration shown in Fig. 1.5.

1.3.4 Noise sources

It is impossible to obtain a clear reading from a measurement instrument. There are always limitations
related to the chosen experimental methods or as we see in the next sections, to the physical limits of

accuracy imposed by physical effects inherent to nature.
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FIGURE 1.5: The basic layout of a GW interferometer with dual recycling and Quantum Noise reduction.
1.3.4.1 Shot noise

This noise is originated from the fact that the laser light comes in discrete quanta. Let N, be the number
of photons that arrives on the photodetector in an observation time 7T, the average power measured at

the photodetector during the observation time is

1
P = N, huy (1.53)

In reality, measuring the average power is the same as counting the number of photons that arrived in
a time T. Such a phenomenon follows a Poisson distribution which in the limit of large N becomes
Gaussian with a standard deviation v N. Working at a generic point ¢y and neglecting modulation of

laser light, this produces a fluctuation in the observed power given by

1/2 1/2
APy = <h;LP> - (?P()) | sin Agyo| (1.54)

On the other hand, the variation of power due to a GW is
Py, .
APgW = 7| S111 2¢O|A¢Mich (155)

For simplicity, we consider a periodic GW with frequency f with only the plus polarization and coming

from an optimal orientation, and taking 27 fL/c < 1, the amplitude of the phase shift Agpicn is given
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by
4L

| Adnticn| = Tho’ (1.56)
L

The signal-to-noise ratio for this case is

1/2
S APgW o (PoT) 47TLh()|COS¢0‘ (157)

N - APshot B 2hWL /\L

It is often convenient to express this intensity as the strain sensitivity S%/ 2 (f) as

Sa'(f) =

T1/2 1/2
AL (th) (1.58)

h =
(S/N)"™° " 4xL|cos¢o| \ Py
which is inversely proportional to the laser power P. Then, power recycling indeed decreases the level of

shot noise.

1.3.4.2 Radiation pressure

When photons reflect back from the mirrors, they exert a pressure on the mirror itself caused by the
change of momentum from +p to —p, so it transfers a total momentum 2p. Since the photon energy is
E., = p/c, the force that a beam of power P exerts on the mirror is F' = 2P/c. The RMS fluctuation of

the force in a time T is related to the power fluctuations by

AF

1/2
_2AP (thPO> (1.50)

c c2T

So, as we can see, increasing the power of the laser increases the radiation pressure. Then, it is important
to find the balance between lowering shot noise and further increasing radiation pressure. To assess this,
the mirrors have suspension mechanisms that compensate for the motion caused by the incident photons.

However, they introduce further sources of noise.

The combined effect of shot noise and radiation pressure is known as optical read-out noise. The shot

/2 while the radiation pressure to PO1 /2

noise contribution is proportional to Py ! . The photons impart
non-deterministically a recoil to the mirror in the form of radiation pressure and this recoil disturbs

the measure that we perform. The optimal strain sensitivity corresponding to both noises defines the

h
S = g (1.60)

It is a macroscopic manifestation of the uncertainty principle. However, the uncertainty does not impose

standard quantum-limit (SQL)

a limit on the accuracy of position, but only on the accuracy of simultaneous measurement of conjugate
variables and it is possible to go beyond the standard quantum limit using quantum non-demolition
techniques which are important for second generation advanced interferometers [35]. These techniques

include squeezed state injection, ponderomotive squeezing and variational readout, and optical springs.
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FIGURE 1.6: Design sensitivity of KAGRA [36].

1.3.4.3 Displacement Noise

There is motion of the test masses that have nothing to do with GWs or optical systems. They depend
on many technical issues such as properties of materials, details of the suspension mechanisms, etc. The
main source of such noises is Earth’s ground which is in continuous motion with amplitudes of order
of microns, the so called seismic noise. In the region of ~ 10 Hz, human activity such as local traffic,

trains, etc, creates another source of vibration.

Furthermore, Newtonian noise or “gravity gradient noise” originates in the Newtonian gravitational
forces of objects that are moving which causes a gravitational force that changes in time. The most
important component is induced by micro-seismic noise, which produce mass density fluctuations of the
gravitational field of the Earth. In principle, detectors can be isolated to attenuate seismic noise but

Newtonian noise will always provide a great limitation for the low frequency range of detection.

1.3.4.4 Thermal Noise

It arises from random energy transfer between the detector and the environment, inducing vibrations
in both the suspension system and the mirror. In the suspension thermal noise, we have pendulum
thermal fluctuations that induce a swinging motion in the suspensions and a horizontal displacement of
the mirrors, vertical thermal fluctuations that add a vertical motion of the suspensions, violin modes
that are described in terms of fluctuations of the normal modes of the wires and are responsible for
the spikes pass 300 Hz. We also have test-mass thermal noise which is the fluctuation between the

test masses themselves. Brownian motion of the mirrors in their atoms, thermo-elastic fluctuations
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originated through the expansion of the material and thermo-refractive fluctuations that come from
the temperature dependency of the refraction index of the coatings. The design sensitivity plot of the
Kamioka Gravitational Wave Detector (KAGRA) and the spectral noise density of various noise sources

is shown in Fig. 1.6.

1.4 Data Analysis

Now that we are aware of the possible source of noises in detectors, we can introduce the optimum
filtering techniques that must be applied to the detector output. The importance of this procedure stems
from the fact that, with existing detectors and with reasonable estimates of the GW signal, we expect
that the GW signal will be buried into a much larger noise. This is a typical problem in many fields,
e.g. radio astronomy for application to pulsar searches, and standard filtering techniques have been

developed. We will see how these techniques are adapted to the problem of GW detection.

1.4.1 Matched Filtering

The output of any real detector s(¢) can be modelled as a linear system composed by a strain component
h(t) and noise n(t) as
s(t) = h(t) + n(t). (1.61)

How can the signal be dug out the GW signal from a much larger noise? As exemplified by radio
astronomy, it can be done by knowing, at least to some level of accuracy, the form of h(t). To see this,
we can take the previous equation, multiply it h(t), integrate over an observation time T and average

over it

T T T
%/O dt s(t)h(t) = %/0 dthz(t)Jr%/o dt n(t)h(t), (1.62)

I Iz

it is clear that I; is positive definite and its value averaged over a time T is of order of T rendering
I ~ hZ, where hq is the characteristic amplitude for the oscillating function h(¢). In contrast, the factor
in the integrand of I are uncorrelated. The quantity n(t)h(t) is oscillating, and its integral will grow
as T2 for large T, so I ~ (To/T)1/2n0ho, where ng is the characteristic amplitude of the oscillating
function n(t) and 79 is a typical characteristic time. Thus, in the limit 7' — oo, I» averages to zero. That
is the basic idea of “filtering” which mathematically, can be optimised in order to obtain the highest

possible value of the signal-to-noise (SNR) ratio. For that, we define

s= /oo dt s(HK(2), (1.63)

where K (t) is called of the filter function. In the following, we assume that we know the shape of h(t).
Since the filter function is going to be taken to “match” the signal we look for, the technique is called

“matched filtering”. The SNR is defined as S/N, where S is the expected value of § when the signal is
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present, and N is the Root Mean Square (RMS) value of § when the signal is absent. Since it is assumed

that the noise component is Gaussian, (n(t)) = 0, we have

§— /OO dt (s(0) K (1) = /oo dt h() K (1) (1.64)
which in the frequency space is
5= [ df h(f)K*(f) (1.65)

and

3
I

(8%(t)) =0
[ dtat’ K (t)K (t")(n(t)n(t"))

/oo dtdth(t)K(t/) /OO dfdf/627rift727rif't’ <7~l*(f)ﬁ(f/)>

— 00

| s oIR0P (1.66)

and therefore

_ Joo (K™ (f) (1.67)

(1= ar2s.01E e
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To find the filter that maximizes the SNR, it is customary to define the scalar product between to real

functions A(t) and B(t) as

IR R
where Re denotes the real part and A(t) and B(t) are taken to be real functions. Then, the SNR can be
written as

% _ (ér;')hl)/z (1.69)
where u(t) is the function whose Fourier transform is
i(f) = 5Su(DR(S) (1.70)

In this form, the optimization problem can be interpreted as searching for the vector of unit norm
f/ (u|u)'/2, such that its scalar product with the vector h is maximum. This can be achieved by

choosing n and h to be “parallel”, in other words

h(f)
Su(f)’

K(f) = const (1.71)

Plugging this result into Eq. (1.70) we get @ = const X h. Inserting this into Eq. (1.69) we get the

(;)2 B 4/000 af @i{};’ (1.72)

optimal SNR value
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which is completely general and independent of the form of iL( 1)

1.5 Astrophysical sources

For purposes of detection, one can usefully classify sources in four broad categories [37]: 1) short-lived
and well defined, for which coalescence of a compact binary system is the canonical example; 2) short-
lived and a priori poorly known, for which a supernova explosion is the canonical example; 3) long-lived
and well defined, e.g., continuous waves from spinning neutron stars; and 4) long-lived and stochastic,
e.g., primordial gravitational waves from the Big Bang. For existing and upcoming terrestrial detectors,
the most promising category is the first. Detectable event rates for compact binary coalescence can be
estimated with the greatest confidence and imply highly likely discovery by Advanced LIGO and Virgo

detectors.

For future spaced-based detectors, which can probe to lower frequencies, the pre-coalescence phase of
galactic binaries NS-NS is accessible, at the same time that coalescence of binary super-massive black
holes (SMBHs), e.g., from galaxy mergers should be detectable [38]. Similarly, pulsar timing arrays can
potentially detect a stochastic astrophysical background from the superposition of cosmologically distant
SMBH binary systems [39] at still lower frequencies (~ nHz). For simplicity, we show here four main
types of gravitational radiation sources: compact binary coalescences, bursts, continuous waves and the

stochastic background.

1.5.1 Compact Binary Coalescences (CBCs)

Binary star systems are common in our galaxy, but only a tiny fraction evolve into compact binary
systems that can merge within a Hubble time [40]. For a CBC to occur, both stars must be massive
enough to collapse into compact objects without destroying each other, shedding too much mass, or

undergoing disruptive perturbations.

CBCs are the most promising sources for GW detection, particularly for advanced detectors like LIGO
and VIRGO, which currently identify hundreds of CBC events annually. The coalescence of two neutron
stars (NS-NS), a neutron star and a black hole (NS-BH), or two black holes (BH-BH) produces strong
GWs that current detectors can observe. The comparison of the predicted waveforms [41] with observed
ones constitutes the strongest test of GR. This is especially significant when multiple detectors are
involved, enabling the separation of waveform polarizations. To exploit this opportunity, we must be
able to follow closely the signal with a template. This means, that for a given value of the parameters of
the binary system (time of coalescence, masses, spin, etc) one must know the waveform accurately. Fig.
1.7 illustrates the event GW150914 as detected by the LIGO Hanford and Livingston detectors. The
comparison between the observed waveform and numerical relativity reconstructions are remarkable and

demonstrates the high degree of accuracy, as indicated by the minimal residuals.
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FIGURE 1.7: GW event GW150914 detected by the LIGO Hanford (H1) and Livingston (L1) detectors
[3]. Top Row: Observed strain data from H1 (left) and L1 (right), with L1 data shifted and inverted for
comparison. Second Row: Comparison of the observed waveform with numerical relativity, wavelet, and
template reconstructions for both detectors. Third Row: Residuals after subtracting the reconstructed
signal from the observed data for both detectors. Bottom Row: Time-frequency representation (Q-
transform) of the strain data, showing the signal’s frequency increasing over time. The numerical
relativity waveform models a binary black hole merger, with shaded areas indicating 90% confidence
regions. The high overlap between the numerical relativity results and observed waveforms confirms
the accuracy of the reconstruction methods.

The merger of two compact massive objects, such as NS or BH, into a single BH, can be divided into
three distinct stages: inspiral, merger, and ringdown. During the inspiral stage, gravitational waveforms
can be accurately described using analytic expressions known as perturbative post-Newtonian (PN)
approximations. The merger stage, characterized by strong relativistic effects, requires fully non-linear
numerical relativity calculations. Finally, the ringdown stage of the newly formed black hole is expected

to be relatively simple again.

Thus the early phases of the inspiral stage [42] should provide a well understood post-Newtonian system,
from which stellar masses and spins can be determined. With these parameters determined, one can
then make detailed comparisons of observations in the merger stage with numerical predictions for those
parameters. The ringdown mode frequencies and damping times are primarily governed by the total mass
and spin of the final black hole, allowing clean and analytic comparisons to the inspiral stage, largely

independent of the merger uncertainties.

Coalescences involving neutron stars offer the potential for probing the neutron star equation of state

via distortions of the detected waveform away from that expected for two point masses, because of tidal
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FIGURE 1.8: Inventory of waveforms from CCSNe adapted from [43] Left panel shows the strain for

a neutrino (top) and rotation (bottom) driven core collapse a seen from an equatorial observer at

a distance of 10 kpc. Right panels show the strain from a bar-mode (top) and disc fragmentation

instability (bottom), as seen by a polar observer at 10 kpc, calculated to leading (quadrupolar) order
from analytical modellisation of the instabilities.

disruption of one or both stars. The effects are expected to be small, however, and their detection

dependent on the detector sensitivity at the highest frequencies in the detector bands.

1.5.2 Bursts

GW bursts customarily refer to transients of poorly known or unknown phase evolution. Although the
algorithms used to search for bursts are sensitive to high- SNR, well predicted waveforms such as from
NS-NS coalescence, they are necessarily less sensitive than matched-filter approaches, where known phase
evolution can be exploited. More generic transient algorithms must be used for burst sources, such as
supernovae, because of uncertain dynamics in these violent processes and because of uncertain but almost

certainly varying initial stellar conditions.

It is important to note that a spherically symmetric explosion (or implosion) does not lead to GWs in
GR (no monopole term). To be detected via GWs then, a supernova presumably needs to exhibit some
asymmetry. The fact that many pulsars formed in supernovae have large measured speeds relative to
their neighbors [44] strongly suggests that some supernovae do exhibit substantial non-spherical motion,
perhaps as a result of dynamical instabilities in rapidly rotating, massive progenitor stars. One recently
appreciated mechanism for potentially strong gravitational wave emission during core-collapse super-
novae is hydrodynamical oscillation of the protoneutron star core [45]. With GW detection now on the
horizon, much work has gone into detailed theoretical waveform modeling, as depicted in Fig. 1.8, and

simulations of the supernova process to predict possible resulting waveforms. As one might imagine, this
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violent process, in which strong magneto-hydrodynamics, nuclear physics and GR are all important, is a
formidable challenge to simulate. Indeed, it has proven challenging to reproduce in these simulations the
spectacular explosions that we associate with supernovae [38]. Nonetheless, this recent work has given
new insights into the strength and spectral content one might expect from supernovae. Unfortunately,
predictions of strength remain subject to large uncertainties. For scale, consider a supernova a distance
r away in our galaxy that emits energy E in GWs, with a characteristic duration 7" and characteristic

frequency f. One expects [38] a detectable strain amplitude at the Earth of about

E 2 /1 ms 1 kHz 10 kpc
~ 107! 1.
o (ngs) () () () a7y

For the nominal (but not necessarily accurate) values of r, E,T and f in this expression, the initial

LIGO and Virgo interferometers should have been able to detect a galactic supernova in GWs. But no
supernova was detected electromagnetically in our galaxy during initial LIGO and Virgo data taking,
which is unsurprising, giving their expected low occurrence rate. With the expected order of magnitude
improvement in sensitivity of the advanced detectors, a galactic supernova with 100 times smaller energy
or a supernova with the same energy ten times further away would be accessible. Note, however, that
until one reaches the Andromeda galaxy (~ 780 kpc), there is relatively little additional stellar mass
beyond the edge of the Milky Way, with nearby dwarf galaxies contributing only a few percent additional
mass. (Nonetheless, the most recent known nearby supernova SN1987A was in the Large Magellanic
Cloud at ~ 50 kpc.) One intriguing scenario in which a core collapse supernova could be seen in GWs to
much larger distances is via a bar mode instability [38], in which differential rotation in a collapsing star
leads to a large, rapidly spinning quadrupole moment, generating waves detectable from well outside our
own galaxy [46]. Another type of instability (r-mode) may develop in the birth of a neutron star, but
its lifetime is expected to be long enough, that it will be discussed below in the category of continuous

wave sources.

Another potential transient source of poorly known gravitational waveform shape is the sudden release
of energy from a highly magnetized neutron star (magnetar). Although “ordinary” neutron stars are
characterized by extremely strong surface magnetic fields (~ 10'° G), many magnetars appear to have
fields ~ 100 — 1000 times still stronger, implying enormous pent-up magnetic energy. It is thought
that soft gamma ray repeaters (SGRs) and anomalous X-ray pulsars (AXPs) are different observational
manifestations of the same underlying system a highly magnetized star which sporadically converts
magnetic field energy into radiation [47]. Whether this process involves rupture of the neutron star
crust, vortex rearrangement in a core superconducting fluid, or some other process, is not yet well
understood. Especially dramatic instances are superflares, such as the December 2004 flare from SGR
1806-20, in which ~ 103° J of electromagnetic energy was released [48]. This radiation release from
~ 10 kpc away disturbed the Earth’s ionosphere sufficiently to disrupt some radio communications [49].
How much gravitational wave energy might be released in such events is unclear, although it has been
proposed that the energy released into neutron star crustal vibrations could be comparable to that
released electromagnetically [49], in which case gravitational radiation due to those vibrations could

be substantial. For scale, the magnetic energy stored in a neutron star with surface field of 10 G
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is O(10%9), assuming an internal field no larger than the surface field. If the star had still stronger
internal fields, the energy would be still larger. Given the uncertainties in the mechanism leading to
these enormous radiation releases, it is hard to be confident of predicted waveforms. Hence generic
GW transient algorithms are appropriate in searching for flares. Another possible transient source is
emission of bursts of gravitational radiation from “cosmic string cusps” [50]. Cosmic strings might be
defects remaining from the electroweak (or earlier) phase transition or possibly primordial superstrings
redshifted to enormous distances. In either model, kinks in these strings would travel at the speed
of light with an isotropic distribution of directions, generating a model-dependent gravitational wave
spectrum that is collimated along the direction of cusp travel. According to this idea, one would expect
a cosmological background of GW bursts, that might be detected individually. As discussed below, this
same model could lead to a steady-state, lower-level stochastic background from cusp radiation from more
distant reaches of the universe. A general consideration in burst searches is the energy release implicit
for a given source distance and detectable strain amplitude. As the distance of the source increases,
the energy required for its waves to be detectable on Earth increases as the square of the distance.

Specifically, rewriting Eq. (1.73), one obtains the relation

h\2/ T / r ’
s 01y 1.74
310 Mo (10—21> <1mS> (1 KHZ) (10 MPC) o

Hence for a source distance much beyond 10 Mpc and for initial LIGO/Virgo sensitivities to transients,

one needs sources emitting significant fractions of a solar mass in gravitational radiation in frequency

bands accessible to terrestrial detectors, such as is expected in the case of coalescing binary systems.

1.5.3 Continuous Gravitational Waves (CWs)

Continuous Gravitational waves sources emit radiation over very long observational periods and are
expected to have well modelled quasi-monochromatic signals . In the frequency range of ground-based
interferometric detectors, rapidly rotating neutron stars are the most likely sources of periodic, persistent
gravitational waves [51]. The inner cores of massive stars can have high angular momentum and theory
suggests that neutron stars could be born rotating at near the maximum value that they can endure
without breaking up, which is of order of ~ 10 Hz [52]. This is much faster than the observed spin
rates of the majority of known pulsars. One explanation for this discrepancy is that angular momentum
is removed through gravitational radiation. Rotating neutron stars could radiate gravitationally due
to asymmetries. Deformations could be introduced due to build-up of strain in the crust, through the

magnetic field or from accretion. Approximations of the characteristic amplitude h, of GW from rotating

o (8) (129), 0

where [ is the neutron star’s moment of inertia and f is the GW frequency. The distance to the source is

neutron stars take the form

given by d and d measures the deviation of the star from axis-symmetry. The last equation shows that the
strength of radiation depends on how rapidly the source rotates and the degree of distortion. Although the

amplitudes are expected to be weak h. ~ 10726, matched-filtering can be applied over long observational
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FIGURE 1.9: An overview of potential GW background signals across the frequency spectrum taken from
[54]. The light blue curve represents the prediction for single-field slow-roll inflation with a canonical
kinetic term. The pink curve illustrates a GW background from Nambu-Goto cosmic strings. The brown
curve depicts a GW background from inspiraling supermassive binary black holes (BBHs), with the
amplitude and shaded region corresponding to the common noise process in the NANOGrav 12.5-year
data set [14]. The two gray curves represent GW backgrounds generated by first-order phase transitions
at the electroweak scale (~ 100 GeV) and the Quantum Chromo-Dynamics (QCD) scale (~ 200 MeV),
respectively. The yellow curve shows a GW background generated by stellar-mass compact binaries,
based on the mass distributions and local merger rates inferred from LVK detections. The dashed curves
indicate various observational constraints. The dotted curve represents the integrated constraint from
measurements of Neg, which cannot be directly compared with the frequency-dependent constraint
curves but is included here for illustrative purposes.

period to build up the signal-to-noise-ratio. This technique is complicated by Earth’s rotational and
orbital motion, as well as pulsar spin-downs. Proposed mechanisms for producing distortions include
the Chandrasekhar-Friedman-Schutz instability. This is driven by GW back reaction that creates and
maintains hydrodynamic waves in neutron star’s fluid components, known as r-modes, which propagate

in the opposite direction to that of the star’s rotation, producing gravitational radiation. We are going

to delve into a lot more detail on this in in chapter 2.

1.5.4 The Stochastic Background

Stochastic GWs arise from a superposition of incoherent sources. While a cosmological background from
primordial gravitational waves created in the Big Bang are a natural possible source [53], other isotropic
possibilities are from cosmic strings and from very distant mergers of neutron stars or of supermassive
black holes (accessible to space-based detectors). Non-isotropic sources in the band of terrestrial detectors
could include the superposition of pulsar radiation from, say, the Virgo Cluster. Over very long time
scales, gravitational radiation from an accreting neutron star could also appear stochastic, as the phase
of the narrowband signal wanders. A primordial isotropic gravitational wave background is predicted

by most cosmological theories, although the predicted strengths of the background vary enormously. It
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is customary [46, 55] to parametrize the background strength vs. frequency f by its energy density per
unit logarithm normalized to the present-day critical energy density periy = 3HEc?/87G of the universe,
where Hy is Hubble’s constant, taken here to be 70.5 km/s/Mpc [56]

1 dpgw(f)

Qe (f) = oo dIn(f). (1.76)

The associated power spectral density can be written [57]

3H?

10W2f*39(f). (1.77)

Saw =

Note that, as for the Cosmic Microwave Background Radiation (CMBR), the primordial gravitational
waves would be highly redshifted from the expansion of the universe, but likely to a much greater degree,
since they would have decoupled from matter at vastly earlier times. A more convenient reformulation

in amplitude spectral density can be written as

1 H 3/2
OOZ> Hz V2, (1.78)

h(F) = [Saw (DY = (5.6 x 1072)hioo[2()] ( -

where higo = Hp/(100km/s/Mpc). A key question is what range of values is expected for Q(f). Fig.
1.9 shows a range of expectations vs. frequency. The light-blue curve is a rough estimate from standard
inflationary scenarios [58, 59]. This figure also shows direct limits on GW energy density from comparison
of observed abundances of elements with predictions from Big Bang nucleosynthesis (BBN) [60], in

addition to limits derived from measurements of anisotropies in the CMBR [61].

A completely different source of cosmological, isotropic stochastic waves could come from cosmic strings.
Fig. 1.9 shows a range of predictions of stochastic radiation energy density. Part of this region can be ac-
cessible by the future space-interferometers like LISA. A more conventional source of isotropic, stochastic
radiation is the superposition of radiation from many distant events, such as binary coalescences from
compact stars too far away to be seen individually [62]. In the terrestrial band these coalescences could
be from stellar NS-NS, NS-BH and BH-BH systems. A detailed analysis [63] suggests that this back-
ground could be detectable by the advaced detectors and could present a significant background for
3rd-generation searches. In the space-based band (~ 107% to 1 Hz for LISA design [15]), the coalescences
could be from SuperMassive Black Hole Mergers (SMBHM), e.g. from galaxy collisions.



Chapter 2

Continuous Gravitational Waves

LIGO’s detection in September 2015 of GWs from the coalescence of heavy stellar-mass black holes
(GW150914) [3] marked the beginning of observational gravitational wave astronomy. As discussed in
Sec. 1.5, this event falls under the distinctive class of sources known as CBCs. Another significant
type of GW source is continuous waves (CWs), emitted by compact spinning objects, most notably non-
axisymmetric neutron stars within our galaxy. Although these sources are relatively closer (approximately
several kpc compared to tens to hundreds of Mpc), they are expected to produce GW strain amplitudes
that are orders of magnitude weaker than those from CBCs, around O(1072%) or smaller, compared to
O(10721). Detecting such weak signals relies on integrating data over extended periods, but this approach
typically incurs substantial computational costs due to the need to finely cover a large parameter space
(e.g., frequency evolution, sky location, and potential orbital parameters). In nearly every CW search,

the achievable sensitivity is constrained by finite computational resources.

This chapter addresses the CW radiation detectable by current-generation ground-based interferometers.
It covers the phenomenology of CW radiation, provides a brief overview of the neutron star population
and potential detections, and describes the standard physical model for waveform characterization. Addi-
tionally, the chapter outlines the analysis methods for detecting CWs, detailing both coherent methods,
which analyze the entire observation data set as a whole, and incoherent methods, which divide the

observation period into N segments for individual analysis before combining the results.

2.1 Potential sources of CWs

In the frequency band of current ground-based detectors, the primary sources of CWs are galactic, non-
axisymmetric neutron stars spinning fast enough that their rotation frequencies fall within the LIGO and
Virgo detectable range. These nearby neutron stars provide a “conventional” source of CW radiation,
as astrophysically extreme as these objects are. An even more exotic proposed source is a “cloud” of
bosons, such as QCD axions, surrounding a fast-spinning black hole. These bosons can condense into

a few energy levels in enormous numbers, allowing for coherent GW emission from boson annihilation

28
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or level transitions. This chapter focuses primarily on conventional neutron stars, but the exotic boson

cloud scenario is also briefly discussed.

2.1.1 Fast-spinning Neutron Stars

Spinning neutron stars could generate detectable GWs through several possible mechanisms. Isolated
neutron stars may exhibit intrinsic non-axisymmetry due to residual crustal deformation (e.g., from
cooling and cracking of the crust) [64], from a non-axisymmetric distribution of magnetic field energy
trapped beneath the crust [65], or from a pinned neutron superfluid component in the star’s interior
[66—68]. The maximum allowed asymmetries depend on the neutron star equation of state [69] and the

breaking strain of the crust [70].

Normal modes of oscillations can also arise, including r-modes in which quadrupole mass currents emit
GWs [71]. However, it has been observed [72] that the detectability of emitted radiation from young
isolated neutron stars, where mode saturation appears to occur at low r-mode amplitudes due to various
dissipative effects, might be doubtful. A recent study [73] is more optimistic about newborn neutron
stars. Conversely, the same authors find that r-mode emission from millisecond pulsars is likely to be
undetectable by Advanced LIGO [74]. The concept of a runaway rotational instability was first identified
for high-frequency f-modes [75], known as the Chandrasekhar-Friedman-Schutz instability. However,
realistic viscosity effects seem likely to suppress this effect in conventional neutron star production [76].
The stability of f~-modes could play a significant role, however, for a supermassive or hypermassive neutron

star formed as the remnant of a binary neutron star merger [77].

Furthermore, binary neutron stars might exhibit direct non-axisymmetry due to non-isotropic accretion
[78], a phenomenon also possible for isolated young neutron stars that have experienced fallback accretion
shortly after their formation. Additionally, r-modes induced by accretion spin-up can contribute to
this effect. The detection of CWs generated by these spinning neutron stars can provide significant
insights into neutron star structure and the equation of state of nuclear matter under extreme pressures,

particularly when combined with electromagnetic observations of the same star.

It is estimated that there are O(10%79) neutron stars in our galaxy [79], yet only about 2500 have
been detected, mostly as radio pulsars. This small detection fraction is expected due to several factors.

Radio pulsations require high magnetic fields and rotation frequencies. An early study [80] suggested the

2

2. > 1.7x10"G x (Hz)?, based on a model of radiation dominated by electron-positron

relationship B -
pair creation in the stellar magnetosphere. While this model aligns broadly with empirical observations,
the resulting “death line” in the period and period derivative plane is perhaps better understood as a
“valley” [81]. As a result, isolated pulsars have pulsation lifetimes of approximately O(107 years) [82],
after which they effectively become radio-invisible. Over this timescale, they also cool to a point where
thermal X-ray emission becomes difficult to detect. While X-ray emission from steady accretion of the

interstellar medium (ISM) is possible, birth kick velocities significantly suppress such accretion [83],

which depends on the inverse cube of the star’s velocity through the ISM.
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A distinct population of pulsars and non-pulsating neutron stars exists within binary systems. In these
binaries, accretion from a non-compact companion star can lead to “recycling,” where a spun-down
neutron star regains angular momentum from the infalling matter. The rotation frequencies achievable
through this spin-up are remarkable—the fastest known rotator is J1748-2446ad at 716 Hz [84]. One
notable class of such systems is low mass X-ray binaries (LMXBs), where the neutron star (~ 1.4Mg)
has a much lighter companion (~ 0.3Mg,) that overfills its Roche lobe, causing material to spill onto an
accretion disk surrounding the neutron star or directly onto the star near its magnetic polar caps. As the
donor companion star eventually shrinks and decouples from the neutron star, the neutron star can retain
a significant portion of its maximum angular momentum and rotational energy. Due to the neutron star’s
magnetic field decreasing during accretion (through processes that are not fully understood), the spin-
down rate after decoupling can be very small. A commonly used phenomenological model for spin-down

is a power law

f=Kfm, (2.1)

where f is the star’s instantaneous frequency (rotational fio4 or gravitational: fow o frot), f is the
first time derivative of f, and K is a negative constant for most stars. However, there are exceptions for
stars experiencing significant acceleration toward us due to being near a deep gravitational well, such as
in the core of a globular cluster. The exponent n, known as the braking indez, varies depending on the

spin-down mechanism. The four most commonly discussed theoretical braking indices are:
e n=1— “Pulsar wind” (extreme model)
e n =3 — Magnetic dipole radiation
e n =5 — Gravitational mass quadrupole radiation (“mountain”)
e n =7 — Gravitational mass current quadrupole radiation (r-modes)
While other oscillation modes that generate gravitational waves are possible, the n = 5 and n = 7 modes

are considered the most promising. Assuming this power law has been applicable since the star’s birth,

the age 7 of the star can be related to its birth rotation frequency fy and its current frequency f as

@]

TR —L. (2.3)

(n=1f

In radio pulsar astronomy, a common assumption is a braking index of n = 3, which leads to the nominal

follows:

and if f < fy,

magnetic dipole age of a star being defined as

_ I
Tmag — 2f (24)
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From the general power-law spin-down model given in Eq. (2.1), the second frequency derivative can be
expressed as

f=nKf=tf=nK? (2.5)
which allows the current braking index to be determined if the second time derivative of the spin frequency

can be measured accurately )
_ff
= 23

n (2.6)

2.1.1.1 Pulsar wind n=1

In the early days of the field of pulsar astronomy [85], it was recognized that the outflow of relativistic
particles (mainly electrons and positrons, with some ions) from the magnetosphere of a fast-spinning
neutron star could induce a spin-down torque. This torque could, in principle, rival that from magnetic
dipole radiation, as well as distort the shape of the magnetic field lines and affect the dipole radiation [86].
In this somewhat simplistic model, the spin-down is primarily driven by a braking torque from a return
current (predominantly counter-flowing electrons and positrons) crossing magnetic field lines in the star’s
polar cap regions [87], leading to a braking index n = 1. A more recent study on magnetar spin-down [88]
proposed a model where sporadic high winds follow bursts, with magnetic dipole emission dominating
spin-down between bursts. In steady-state, however, considering the interaction between the magnetic
field and the magnetospheric plasma, both magnetic dipole emission and pulsar wind contributions tend
to produce a braking index of about three [89], which is discussed next. A phenomenological model [90],
a variant of the vacuum dipole model featuring an inner magnetosphere strongly coupled to the star,

successfully accounts for the braking indices of the Crab and other young pulsars with n < 1.

2.1.1.2 Magnetic dipole n = 3.

The radiation energy loss due to a rotating magnetic dipole moment is given by [91]

d£ _ _UOsz_wélot (2 7)
At ) mag 6red '

where w4 is the rotational angular speed and M| is the component of the star’s magnetic dipole moment
perpendicular to the rotation axis (assumed to be the z-axis): M, = M sin(«), with « being the angle

between the rotation axis and the magnetic pole.

In a pure dipole moment model, the magnetic field strength at the pole on the star’s surface is By =

poM /27 R3. By equating the radiation energy loss to the (Newtonian) rotational energy loss 11,,w2,,

we obtain

2r RS 9 3

Gt = B3ul,. (2.8)

_? ,LL()CB‘IZZ
Thus, the magnetic dipole spin-down rate is proportional to the square of B = Bysin(«) and to the

cube of the rotation frequency, resulting in a braking index of n = 3.
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2.1.1.3 Gravitational mass quadrupole (mountain), n = 5.

Let’s now consider the gravitational radiation expected from these stars. A star’s mass quadrupole

asymmetry is commonly characterized by its equatorial ellipticity

T — 1T
e = o= Il - wl (2.9)

An oblate spheroid naturally has a polar ellipticity, but without precession, such deformation does not
lead to GW emission. Hereafter, “ellipticity” will refer to equatorial ellipticity, often attributed to a
“mountain.” For a star at a distance d and spinning about its approximate symmetry axis of rotation

(z, assumed to be optimally aligned towards Earth), the expected intrinsic strain amplitude hq is

A2 Gel,, féw
ctd

(1.1 x 10724 (10%6) (IIO> (1fEIV{VZ>2 (1 ch) : (2.10)

where Iy = 1038 kg~m2(1045 g-cm?) is a nominal moment of inertia for a neutron star, and the gravita-

hy =

tional radiation is emitted at fow = 2frot- The total power emitted in gravitational waves from the star

(integrated over all angles) is

dE 32G 5 5 ¢
ar = 7¥Izze Wrot

(—1.7 x 1033 J/s) (IIO>2 (106_6)2 <1f§gz>6. (2.11)

2
rot

Equating this loss to the reduction of rotational kinetic energy %Izzw leads to the spin-down relationship

. 321G
few = - 565 IZZGQfgW
= (-1.7x107° Hz/s)( ‘ )2 fow )’ (2.12)
' 10-6) \1kHz) '

highlighting the braking index of 5. For an observed neutron star with measured f and f , the “spin-down
limit” on the maximum allowed strain amplitude can be defined by equating the power loss in Eq. (2.11)

to the time derivative of the rotational kinetic energy 1I,,w2,

1

5GIZZ fGW
hspin—down = d 7

23 fow

1kpc
d

:

<1f§{vz> (10—_1€G1Y1VZ/S> (;)] " . (2.13)

Thus, for each observed pulsar with a measured frequency, spin-down rate, and distance d, one can

(2.6 x 1072%) {

determine whether energy conservation permits the detection of GWs in an optimistic scenario. Unfor-
tunately, nearly all known pulsars have spin-down strain limits below the detection capabilities of the

LIGO and Virgo detectors at their current sensitivities.
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2.1.1.4 Gravitational mass current quadrupole (r-modes) n = 7.

Different frequency scalings apply to mass quadrupole and mass current quadrupole emissions. The
most promising source of mass current non-axisymmetry in neutron stars is believed to be “r-modes,”
which result from the fluid motion of neutrons (or protons) in the crust or core of the star. These
currents, much like Rossby waves in Earth’s atmosphere, are deflected by Coriolis forces, creating spatial
oscillations [92]. These r-modes can become inherently unstable, arising from azimuthal interior currents
that are retrograde in the star’s rotating frame but appear prograde in an external reference frame.
Consequently, the quadrupolar gravitational wave emission due to these currents amplifies the current’s
strength, leading to a positive-feedback loop and a potential intrinsic Chandrasekhar-Friedman-Schutz
[93] instability. The frequency of such emissions is expected to be at most approximately 4/3 of the
rotation frequency [94, 95]. Using Owen’s notation [95], the mass current can be modeled as a velocity
field perturbation dv;, which, when integrated, gives the intrinsic strain amplitude observed at a distance

d

51207 G .

_ 1 kpc faow V[ a R 3
26
3610 ( d ) (100 Hz> (10—3) (11.7 km) ' (2.14)

Here, o represents the dimensionless r-mode amplitude, M is the stellar mass, R is the radius, and J is

a dimensionless function of the stellar equation of state. For a Newtonian polytrope with an index of 1,

J 7 0.0164 [95], as used in the fiducial Eq. (2.14). The energy loss in this model is given by [96]

dE 10247° G ~

Equating this loss to the reduction in rotational kinetic energy 3I,,w2, results in the spin-down rela-

tionship
: 409677 GM?RSJ? , ..
few = - 598 L o faw
B R a2 faw '
= 90x1074H ( ) 2.1
9010 Z/S<11.7km> 10-3) \100Hz) ° (2.16)

where the braking index of 7 is evident. As before, one can define a spin-down limit based on pure

1 [ 45G fow
hs in-down — 5\/ — 5 2.17
pin-d d 8C3IZZ f(;w ( )

where the ratio of this spin-down limit to the one given in Eq. (2.13) is 3/2, arising from the different

r-mode radiation

ratios of GW signal frequency to spin frequency for mass quadrupole versus mass current quadrupole

radiation.
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FIGURE 2.1: Nominal expected GW frequencies and frequency derivatives for known pulsars, taken

from [99]. Closed triangles denote isolated stars, while open circles represent binary stars. Contours

indicate constant magnetic fields (ellipticities) for spin-down dominated by magnetic dipole and grav-

itational mass quadrupole emissions. The vertical dotted line marks the approximate sensitivity band

for Advanced LIGO at design sensitivity. A similar sensitivity band applies to the design sensitivities
of the Advanced Virgo and KAGRA detectors. [98].

2.1.1.5 Neutron star survey.

Gravitars refer to neutron stars with spin-down dominated by GW energy loss [97]. Although it is believed
that most known pulsars are not gravitars, the model is still useful in setting bounds on what might be
detectable. Fig. 2.1 displays a subset of pulsars in the fow — wa plane, assuming fow = 2fi0t. Isolated
stars and binary stars are denoted by closed circles and open triangles, respectively. A vertical dashed
line marks the approximate detection bandwidth for Advanced LIGO at design sensitivity (~ 10 Hz and
above). This frequency boundary also applies to the design sensitivities of the Advanced Virgo and
KAGRA detectors [98]. Contours indicate constant magnetic field, assuming spin-down is dominated by
magnetic dipole emission (n = 3). Additionally, higher slope contours represent constant ellipticity. An
interesting deficit of millisecond pulsars with extremely low period derivatives appears consistent with
a population of sources having a minimum ellipticity of about ~ 1072 and additional spin-down losses
from magnetic dipole radiation, as indicated by the near absence of sources to the right of the e = 10~
line in Fig. 2.1. Conversely, lower-frequency, younger pulsars with high spin-downs are observed, with

the highest being 7.6 x 107!° Hz/s (Crab pulsar).
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FIGURE 2.2: Nominal expected GW frequencies and nominal strain spin-down limits for known pulsars,

taken from [99]. Closed triangles indicate isolated stars. Closed triangles represent isolated stars, while

open circles indicate binary stars. Solid curves denote the nominal strain noise sensitivity for the O3

observing run (black), as well as the anticipated sensitivities for a 2-year advanced detector run at design

sensitivity (magenta) and a 5-year Einstein Telescope run with two different designs: ETB (blue) and

ETC (green). Dashed diagonal lines show particular ratios of ellipticity to distance. Additionally, a
subset of notable pulsars are labeled on the plot.

Using Eq. (2.13), these known pulsars can be mapped onto a plane of fgw — ho under the gravitar
assumption, as depicted in Fig. 2.2. The spin-down strain limit (for n = 5) is shown on the vertical axis.
Additionally, corresponding contours of constant implied values of €/d, where d is the distance to the
star, are indicated under the gravitar assumption. Detector network sensitivities for advanced detectors
at design sensitivity [98] and for two proposed configurations of the “3rd-generation” Einstein Telescope
(ET) [100] are also shown. Another 3rd-generation proposal, the “Cosmic Explorer” [101], would have
performance comparable to that of the ET, being more sensitive at frequencies above ~ 10 Hz and less

sensitive at lower frequencies.

In Fig. 2.2, the sensitivities of “advanced detectors” are represented by calculations for two Advanced
LIGO detectors operating continuously over two observing years, referred to as the “O4/05 run.” Al-
though the O4 run, has already started at the beginning of 2023, and will likely last only about a year
and a half [98], it may not fully achieve the original Advanced LIGO design sensitivity, the subsequent
O5 run in the “A+4” configuration is expected to significantly exceed Advanced LIGO sensitivity and last



Continuous Waves 36

for over a year. This makes the detector sensitivities assumed here conservative in principle. Including
Advanced Virgo and KAGRA in the network sensitivity would further improve these sensitivities. How-
ever, the O4/05 observing time assumed here does not account for realistic dead-time losses, which can
be substantial (~ 25% per detector [102]). The detection sensitivities illustrated in Fig. 2.2 assume a
targeted search using known pulsar ephemerides. If a star is marked above a sensitivity curve, detecting
it is theoretically possible if its spin-down classifies it as a gravitar. It is important to note that Eq.
(2.13) has been applied with a nominal moment of inertia I,,, but the uncertainty in I,, is approximately

a factor of two, depending on the equation of state and stellar mass [103].

2.1.2 Axion clouds bound to black holes

In recent years, a compelling hypothesis has gained traction: dark matter might not only be composed
of electromagnetically invisible massive bosons, such as axions, but these bosons could be dispropor-
tionately concentrated around rapidly spinning black holes [104]. These bosons could potentially be
created spontaneously through the extraction of energy from the black hole’s rotation [105], forming a
Bose-Einstein “cloud” where most quanta occupy a small number of energy levels. For a cloud bound
to a black hole, the approximate inverse-square law attraction outside the Schwarzschild radius leads to
energy level spacing similar to that of a hydrogen atom. The phenomenon of superradiance near a rapidly
spinning black hole (with angular momentum close to the maximum allowed by General Relativity) can
significantly amplify the number of quanta in the low-lying levels. Bosons in non-s (¢ > 0) negative-
energy states can be thought of as moving in a potential well formed by an ¢-dependent centrifugal
barrier at r > rschwarzschild and a potential that rises towards zero as r — co. Wave function penetration
into the black hole ergosphere enables energy transfer from the black hole’s spin [106], facilitating the

creation of new quanta.

In the axion scenario, two particular gravitational wave emission modes of interest can arise, both
potentially leading to intense coherent radiation [107]. In one mode, axions can annihilate each other
to produce gravitons, with the frequency of the graviton being twice that of the axion mass: fgraviton =
2Maxionc?/h. In another mode, emission occurs from level transitions of quanta within the cloud. This
Bose condensation is most pronounced when the reduced Compton wavelength of the axion is comparable
to but larger than the Schwarzschild radius of the black hole:

A h > 2GJ\24]3H

Mo

= Maxion < (7 x 1071 eV /2 ,
( )2

(2.18)

~Y
2m MaxionC c

where i and G are Planck’s and Newton’s constants respectively. Given the vast uncertainty in axion
masses that could account for dark matter [108], the relatively narrow mass window accessible to currently
feasible CW searches (~ 2 orders of magnitude) makes the search for such emissions a quintessential
example of “almost” physics, where one can only hope that nature places the axion within this illuminated

area of a vast parameter space.
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Searching for these potential CW sources generally does not require a fundamental modification of the
search methods, but they can be optimized for the specific frequency bands defined by annihilation and
level transition emissions. Directed searches targeting known black hole locations can achieve better
sensitivity than all-sky searches. However, in the context of string axiverse models, the axion cloud [104]
can undergo significant self-interactions, resulting in substantial frequency evolution of the signal and
uncertainty in that evolution, which is a lesser issue for the proposed QCD axion [107]. An intriguing
possibility is that a black hole formed from a detected BBH merger could serve as a natural target for
follow-up CW searches [109]. So far, no published searches have been specifically designed for a black
hole axion cloud source, but existing limits on neutron star emissions, even if not optimized for this
purpose, can be reinterpreted to constrain such emissions [107]. Recent research [110] suggests that the
absence of a detectable stochastic gravitational wave background from extragalactic black holes already

places significant constraints on axion masses relevant to CW searches.

2.2 Continuous Wave signal model

We begin the analysis with the beam-pattern functions F and Fy, as previously shown in Eq. (1.43).
Let’s start by rephrasing Eq. (1.41) in an alternative form

where m; and n, are the unit vectors parallel to the arms 1 and 2 of the Michelson interferometer,
respectively. The term H represents the spatial-metric perturbation caused by the wave in the detector’s

proper reference frame, with the dot indicating the scalar product. The matrix H is defined as
H(t)=MGHEM®)T, (2.20)

where M is a 3-dimensional orthogonal matrix transforming from the Cartesian frame (2, Yw, 2w) tO
the detector’s frame (x4, yq,2q). Since CWs are long-lasting, the phase and polarization angle’s time
dependence is crucial and must be precisely accounted for. Due to the Earth’s diurnal motion, the beam-
patterns Fy and Fy are periodic functions with a period of one sidereal day. Our aim is to explicitly
extract this time dependence and express F; and Fy as functions of the right ascension «, declination
0, and polarization angle v of the GW source. These angles define the wave reference frame orientation

relative to the celestial sphere reference frame. We define a transformation matrix M [111] as
M = MsM;MT, (2.21)

where M; transforms from wave to celestial sphere coordinates, My transforms from celestial to cardinal
coordinates, and M3 transforms from cardinal to detector coordinates. In celestial sphere coordinates,
the z axis aligns with the Earth’s rotation axis pointing toward the North pole, the x and y axes lie in

the Earth’s equatorial plane, and the = axis points toward the vernal point. In cardinal coordinates, the
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(z,y) plane is tangent to the Earth’s surface at the detector’s location, with the x axis in the North-
South direction, the y axis in the West-East direction, and the z axis pointing toward zenith. In detector
coordinates, the z axis aligns with the cardinal z axis, and the = axis aligns with the first interferometer
arm (the y axis aligns with the second arm if the arms are perpendicular). Under these conventions, the

matrices My, Ms, and M3 are defined as follows [111]

sinacosy —cosasindsiny  —cosacosy —sinasindsiny  cosdsiny
M; = | —sinasinty — cosasindcosy cosasiniy —sinasindcosy cosdcosy | (2.22)
— Ccos acos & —sin acos § —siné
sin Acos(¢p, + Qt)  sinAsin(¢p, + Qt) —cos A
My =1 —sin(¢, + Q.t) cos(py + Qyt) 0 ) (2.23)
cos Acos(¢, + Q1) cosAsin(¢, + Q1) sin A
—sin(y +¢/2) cos(y+¢/2) O
Mz = | —cos(y+¢(/2) —sin(y+¢/2) 0 (2.24)
0 0 1

In My, X is the latitude of the detector’s site, €2, is the Earth’s rotational angular velocity, and ¢, is
a phase defining the Earth’s position in its diurnal motion at ¢ = 0 (the sum ¢, + Q,t corresponds to
the local sidereal time of the detector’s site, i.e., the angle between the local meridian and the vernal
point). In Mjs, v defines the orientation of the detector’s arms relative to local geographical directions:
~ is measured counter-clockwise from East to the bisector of the interferometer arms, and ( is the angle
between the interferometer arms. The vectors n; and ns from Eq. (2.19) in the detector’s reference
frame have coordinates

ny = (1,0,0),

ngy = (cos(,sin(,0). (2.25)

The values of the angles A, v, ¢, and the longitudes L (measured positively westwards) for different
detectors are provided in Table 2.1 [112]. To derive explicit formulas for F. and Fy, we combine Egs.

(2.19)-(2.24). After extensive algebraic manipulations, we obtain

P t) =
F.(t) =

sin ¢ [a(t) cos 2¢) + b(t) sin 2¢] (2.26)

sin ¢ [b(t) cos 29 — a(t) sin 2¢] (2.27)

TABLE 2.1: Positions and orientations of detectors.

detector A (degrees) | L (degrees) | « (degrees) | ¢ (degrees)
GEO600 52.25 -9.81 68.775 94.33
LIGO Hanford 46.45 119.41 171.8 90
LIGO Livingston 30.56 90.77 243.0 90
VIRGO 43.63 -10.5 116.5 90
TAMA300 35.68 -139.54 225.0 90
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where

a(t) = % sin 2v(3 — cos 2X)(3 — cos 26) cos[2(a — ¢ — Q,t)]

— icos 2ysin A(3 — cos 20) sin[2(a — ¢ — Q- t)]

+ i sin 27 sin 2\ sin 2§ cos(a — ¢, — Q1)

- % cos 27y cos Asin 29 sin(a — ¢ — Q1)

+ % sin 2y cos® A cos? 4, (2.28)
b(t) = cos 2y sin Asin § cos[2(a — ¢ — Q1))

+ isin 29(3 — cos 2\) sin d sin[2(a — ¢ — Q)]

+ cos 27 cos A cos b cos(a — ¢, — Q1)

1
+ 3 sin 27 sin 2\ cos d sin(o — ¢ — Q). (2.29)

Using Egs. (2.26)-(2.29), the beam-pattern functions can be directly computed for any given time.

2.2.1 The phase of the gravitational-wave signal

In Appendix B.1, the derivation of the time dependence of the phase of the GW signal observed at the
detector’s location is detailed. The significance of corrections due to the motion of both the detector and
the neutron star relative to the solar system barycenter (SSB) reference frame, as well as the importance of
relativistic corrections, are considered. Based on the discussion presented in Appendix B.1, the following

model for the phase of the GW signal is adopted

s (k)
2w
U(t)=To+21 ) (kfi 1)'t’““ + o 7a(t) >
k=0 ’

(2.30)

where fék) represents the k-th time derivative of the instantaneous frequency evaluated at t = 0 at the
SSB, ng is the constant unit vector in the direction of the star in the SSB reference frame, and rg is
the position vector of the detector in that frame. The signal analysis is independent of the number s of
spindown parameters, so s is left unspecified. A coordinate system is associated with the SSB reference
frame. The z axis of this system is parallel to the x axis of the celestial sphere coordinate system and
perpendicular to the ecliptic, coinciding with the Earth’s orbital angular momentum vector. In this

system, the unit vector ny pointing towards the star has components

1 0 0 cos o cos 0
no= 10 cose sine sinacosd |, (2.31)

0 —sine cose sin
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where € is the angle between the ecliptic and the Earth’s equator. The position vector r4 of the detector

in this coordinate system is

cos(po + 1) 1 0 0 cos A cos(¢y + Q1)
rq = Rps | sin(¢p, + Qt) | + Be [0 cose sine cos Asin(¢,. + Q1) | » (2.32)
0 0 —sine cose sin A

where Rgs = 1AU is the average distance from the Earth’s center to the SSB, Rg is the mean radius
of the Earth, g is the mean orbital angular velocity of the Earth, and ¢, is a deterministic phase that
defines the Earth’s position in its orbital motion at ¢ = 0. The eccentricity of the Earth’s orbit and
the motion of the Earth around the Earth-Moon barycenter are neglected. Substituting Eqgs. (2.31) and
(2.32) into Eq. (2.30) yields

W) = W+ (), (2.33)
S

2

”kzzo(kﬂ)!t

o
—~
~~
~

2
—I—?ﬂ [RES (cos acos 6 cos(g, + 2,-t) + cos e(cos d sin v cos 0 sin « + sin ) sin(P, + Qrt)).

s (k) k
+Rp{sin Asind + cos A cos d cos(aox — ¢, — Qrt)}} Z o ! i (2.34)

2.2.2 Wave polarization functions

The following two-component model of the gravitational-wave signal is used

h(t) = ha(t) + ha(t), (2.35)
where the components are defined by
Ba(t) = Py ()hs () + Fx ()« (2), ha(t) = Py (Dhas () + Fx (Hhas (2), (2.36)
hi4(t) = ého sin 26 sin 2¢ cos ¥ (t), hoy(t) = %ho sin? 0(1 + cos? 1) cos 2 (1), (2.37)
hix(t) = iho sin 26 sin ¢ sin U (t), hax (t) = hgsin? 6 cos ¢ sin 2W (t). (2.38)

The beam-pattern functions Fy, Fy are given by Eqgs. (2.26)-(2.29) and the phase ¥ is given by Egs.
(2.33) and (2.34). The model of the signal defined by Eqgs. (2.35)-(2.38) encapsulates the quadrupole
gravitational waves emitted by a freely precessing axisymmetric star. The angle 6, known as the wobble
angle, is the angle between the total angular momentum vector of the star and the star’s axis of symmetry.
The angle ¢ is the angle between the total angular momentum vector of the star and the line of sight
from the star to the Earth. The amplitude hq is determined by

b — 16m2Gel f?

0 ) (2.39)

cir
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where f is the sum of the frequency of rotation of the star and the frequency of precession, I denotes the
moment of inertia concerning the rotation axis, € represents the poloidal ellipticity of the star, and r is
the distance to the star. For small wobble angles, the signal h; predominates. Comprehensive details of
the model are discussed in [113]. When 6 = 7/2 the hy component vanishes, and for this special case, the
ho component represents the quadrupole wave from a triaxial ellipsoid rotating about a principal axis
with frequency f. Under these conditions, the amplitude hq is recalculated using the ellipticity defined

by
L1

€ 7 s

(2.40)

where I; and I, are the moments of inertia of the star with respect to the principal axes orthogonal to

the rotation axis. This model is further explored in [51].

After replacing physical constants in Eq. (2.39) with their numerical values, the amplitude expression

simplifies to

2
ho = 4.23 x 1072%d,, (100sz> ; (2.41)

where

€ I 1 kpc
= . 2.42
do (10*5> (1045 g cm2> ( r ) (242)

By integrating the beam-pattern functions from Eqs. (2.26) the signal described by Egs. (2.35)-(2.38)

can be expressed as

h(t) = Z Ayihyi(t) + Z Aazihai(t), (2.43)

where the eight amplitudes A;; and As; are given by

(1 1
Aq1 = hgsin(sin 20 3 sin 2¢ cos 2¢) cos Oy — 7 sin ¢ sin 2t sin @0] , (2.44)
. . (1. . 1.
Aqs = hgsin ( sin 20 1 sin ¢ cos 2¢ sin @ + 3 sin 2¢ cos 21 cos Dy | (2.45)
. . 1 . .
Aq3 = hgsin( sin 20 —gsin 21 cos 24 sin &y — 7 Sinesin 21p cos @y | , (2.46)
. . 1 1. . .
Ay4 = hgsin (sin 20 7 Sinecos 21 cos Py — g sin 2 sin 29 sin @y | , (2.47)
:1
Agy = hosin(sin? 6 3 (1 + cos? t) cos 21) cos 2By — cos ¢ sin 24 sin 2@0} , (2.48)
:1
Agy = hosin(sin? 0 3 (1+ cos? ¢) sin 21 cos 2®( + cos ¢ cos 29 sin 2<I>0} , (2.49)
r 1
Ags = hgsin(sin? 6 —3 (1 + cos? 1) cos 21 sin 2B — cos ¢ sin 2¢) cos 2@0] , (2.50)

[ 1
Agy = hgsin(sin? 6 —5(1 + cos? 1) sin 21 sin 2@ + cos ¢ cos 21) cos 2(130] . (2.51)
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The amplitudes A;; and As; depend on the parameters hg, 8, ¥, ¢, and ®y along with the angle (. The

time dependent functions hq; have the form

hi; = a(t) coslP(t), hia =b(t) coslD(t), (2.52)

hiz = a(t) sinl®(¢), hig =b(t) sinl®(t), [=1,2. (2.53)

where the functions a and b are given by Eqgs. (2.28) and (2.29), respectively, and ® is the phase given
by Eq. (2.34). The modulation amplitudes a and b depend on the right ascension « and the declination
d of the source (they also depend on the angles A and «). The phase ® depends on the frequency fo,
spin-down parameters fék)(k =1,...,s), and on the angles a, §. We call the parameters fj, fék), and
the angles «, § the phase parameters. Moreover the phase ® depends on the latitude A of the detector.

The whole signal h depends on 8 4+ s unknown parameters: hg, 6, ¥, ¢, @9, a, §, fo, ék).

The frequency domain characteristics of the GW signal are notable for their complexity. The signal
includes two primary components with carrier frequencies fy and 2 fy both subject to extensive amplitude
and frequency modulation. The amplitude modulation creates five distinct frequency lines for each
component, fo — 2f-, fo — fry fo, fo+ fr, fo + 2f-, where f,. is the frequency of rotation of Earth
(fr =~ 107" Hz) and the same for frequency 2fo. while the frequency modulation causes line broadening,

significantly affecting the detectable signal profile during extended observations.

2.2.3 Optimal filter for the amplitude modulated signal
2.2.3.1 Maximum likelihood detection

The signal given by Eq. (2.43) will be buried in the noise of a detector. Thus, the problem is detecting
the signal and estimating its parameters. A standard method is the mazimum likelihood detection which
involves maximizing the likelihood function A with respect to the signal parameters. If the maximum
of A exceeds a certain threshold, calculated based on the acceptable false alarm probability, the signal
is considered detected. The parameter values that maximize A are termed the mazimum likelihood
estimators of the signal parameters. The magnitude of the maximum of A indicates the probability
of detecting the signal. Assume the noise n in the detector is an additive, stationary, Gaussian, and

zero-mean continuous random process. Then the data = (if the signal h is present) can be written as
x(t) = n(t) + h(t). (2.54)

The log likelihood function is

log A = (z|h) (h|h), (2.55)

1
2

where the scalar product (-|-) is defined by

(zly) = 4R {/OOO Wdf} : (2.56)
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where S}, is the one-sided spectral density of the detector’s noise. The GW signal given by Eq. (2.43)
consists of two narrow-band components around the frequencies fy and 2fy and thus, to a very good

accuracy, the likelihood ratio is given by

(halhn) + (alhs) — 5

1
2
This suggests considering the two components of the response function (2.43) as two independent signals.
Taking the first component h; of the signal, one can assume that over the bandwidth of the signal Sy (f)
is nearly constant and equal to Si(fo) where fy is the frequency of the signal hy at t = 0. Thus, the

scalar product can be approximated by

N 9 To/2
(alhn) & 5 /_ T0/2x(t)h1(t)dt7 (2.58)

where Tj is the observation time and where the observation interval is [—Ty/2,Ty/2]. Introducing the

following scalar product is useful

To/2
(@lly) = / L Fou (2.59)

As long as the detector’s noise is stationary over the observation period, this is a valid scalar product.
In realistic observations, the detector’s noise will vary slowly during this period, however, this issue is

not addressed here. The log likelihood function for this signal is approximately given by

T 1
log Ay = = hy) — =(h1|lh1)] - 2.60
ogh = 5 (llhr) = 5 (Pa[h1) (2.60)
The maximum likelihood estimators can be found by maximizing the following normalized log likelihood
function

log A1 = (2[h1) = 5 (halh1). (2.61)

_ !

2
The normalized log likelihood function does not involve explicitly the spectral density of the noise in
the detector and the signal h; depends linearly on four amplitudes Ay;. The amplitudes depend on the
five unknown parameters hg, 0, 1, ¢, and &y and are independent. The likelihood equations for the
amplitudes Aq; are given by

dn A/
8211-1 -0, i=1,...,4. (2.62)

In this case, the above set of equations is equivalent to the following set of linear algebraic equations
4
ZMijAlj = (z[|h1;), i=1,....4, (2.63)
j=1

where the components M;; of the 4 X 4 matrix M are given by

Mij := (haillhay). (2.64)
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Since over a typical observation time 7T}, the phase ® will have many oscillations, to a very good accuracy,

(h11llh1s) 20, (huallh1a) 20, (haallhis) 20, (hazl|ha) 20, (2.65)
and also
(il lhan) 2 (s lns) = 2 4,
(i) 2 (asllhns) = B,
(h11|[h12) = (h13||h14)%%0 (2.66)

where A := (al|a), B := (b]||b), C := (a||b). With these approximations the matrix M is given by

c O
M= , (2.67)
0o C
where O is a zero 2 X 2 matrix and C equals
1A C
C=- . (2.68)
2\c B

Thus, M splits into two identical 2 x 2 matrices. Assuming a # b, A # 0, and B # 0, the explicit

expressions for maximum likelihood estimators Ay, of the amplitudes Aq; are given by

4. oBlllhi) — C(z]h)

11 =2 D ’
A, = pAllhe) l—)C(xth),
Ay o 23($‘|h13)50(x”h14)7
dy, — oAl 1_90(96"]113)’ (2.69)

where D = AB — C?. The second partial derivatives of the log likelihood function with respect to A1;

are 2 /
8?411;)1/}1113‘ = —M;;. (2.70)
Since a # b, it follows from the Schwarz inequality that D > 0. Thus as A > 0 and B > 0 the matrix
M is positive-definite. Therefore the extrema of the log likelihood function with respect to A;; are
the local maxima. The above maximum likelihood estimators of the amplitudes Aj; are substituted for
the amplitudes A;; in the likelihood function (2.61) giving the reduced normalized likelihood function

Al = exp(F1) where F; is given by

B(z||h11)? + A(z||h12)? — 2C(z||h11) (2| h12)

~—

F = (2.71)

wb

B(x|[h13)* + A(x\|h14) 20(z|lhas)(2(lh1a)

(2.72)
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To obtain the maximum likelihood estimators of the signal parameters, first find the maximum of the
functional F; with respect to the frequency, the spin-down parameters, and the angles o and §, then
calculate the estimators of the amplitudes A;; from the analytic formulae (2.69) with the correlations
(z||h14) evaluated at the parameter values obtained by maximizing the functional F;. Therefore, filtering
for the GW signal from a neutron star requires four linear filters. The same procedure applies to the
second component of the signal. The formulae for the estimators of the amplitudes As; and the normalized
reduced statistics JF5 are obtained from the above formulae by replacing hy; with ho;. To consider the
optimal detection of the whole two-component signal, remember that the eight amplitudes Ay; are not
independent. They depend on five parameters: hg, 0, ¥, ¢, and ®3. To find the maximum likelihood
estimators of the independent five parameters, one would need to maximize the total likelihood function
(given by Eq. (2.57)) with respect to these parameters. This, however, leads to an intractable set
of nonlinear algebraic equations which would need to be solved numerically, thereby increasing the

computational cost of the signal search. Instead, an alternative is to form the statistic

T
F= P

0 To
Sr(fo)

e (2.73)

This is the reduced likelihood function assuming the eight amplitudes are independent. First, maximize
the functional F with respect to the frequency, spindown parameters, and angles a and §, and calculate
the eight amplitudes from the analytic formulae. Then, find the estimators of the five independent
parameters from the estimators of the amplitudes using the least-squares method. The inverse of the
Fisher matrix is used for the covariance matrix in the least-squares method. To announce the detection
of the signal, the functional F must exceed a certain threshold calculated based on the false alarm
probability that can be afforded. Once F is above the threshold, its magnitude determines the probability
of signal detection. Consequently, the probability density function of F must be determined both when
the signal is absent and present. More detail on the probability distribution functions can be found in

section 2.4.1.3.

2.2.3.2 Data Analysis

Calculating the optimum statistics as efficiently as possible is crucial. One effective method is to utilize
the speed of the fast Fourier transform (FFT). Consider the normalized reduced functional F;. The

phase ® of the signal can be expressed as (cf. Eq. (2.34))

(1) = 27 folt + P (t; v, 0)] + B (t; £, 00, 6), (2.74)



Continuous Waves 46

where functions ®,, and ®, are independent of the frequency parameter fy. Define the following two

integrals
To/2
Fro= / 2(t)a(t) expl—i®, (1)] exp{—i2m folt + ®pm(1)]}dt, (2.75)
Ty)2
To/2
Fp= /_ o FONO )] exp {2 o+ (O] (2.76)

The statistics F; can be written in terms of the above integrals as

F _ A BIFwl’ + AJFy| — 20R(FY, Fay)
- =

-7 5 . (2.77)

Introduce a new time coordinate ¢,

ty(t) =t + By (1). (2.78)

From the explicit expression for the phase ® given by Eq. (2.34), the time shift ®,,, and its time derivative

®,,, can be estimated as follows

1@, (4)] < Bes 5102,
C

Qo Rgs

| @, (1)] < ~1x107% (2.79)

Assuming a maximum observation time Ty = 120 days, it is approximated as

dt
Ty i=t(T,) =T, — =1 2.80
b= tp(T0) . (2.80)
Thus, in the new time coordinate, the integrals Fi, and Fj; can be approximated by
T,/2
P, = / ) z[t(ty)]alt(ty)] exp[—i®s(t[to])] exp(—i2m fots)diy, (2.81)
—T,/2
T,/2
Fiy / e[t (8)B[E(t0)] expl—is (¢[t5])] exp(—i2n fots)dts. (2.82)
—T,/2

With the new time coordinate, the two integrals (2.81) and (2.82) are Fourier transforms of the functions
x[t(ty)]alt(ts)] exp{—iDs[t(ty)]} and x[t(ts)]b[t(ts)] exp{—iDs[t(ty)]}, respectively. To calculate these in-
tegrals for a given set of phase parameters, perform the following numerical operations. For the chosen
values of the parameters a and §, resample the original time series according to the formula (2.78) and
then multiply the resampled time series x[ty] by functions a(tp) exp[—i®; (t[ts])] and b(ty) exp[—i®Ps(t[ts])]-
Then calculate the two Fourier transforms using the FFT algorithm. This resampling technique, pro-
posed by Schutz [114], is considered an effective data analysis tool for GW searches from periodic sources

[51]. Alternatively, define new spin-down parameters

i

fk = fO )

k=1,...,s (2.83)
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and introduce a different time coordinate

ty(t) =t + @, (1) + PL(1), (2.84)
where
) s 1
(t) = ; fkm (2.85)

and perform the resampling process according to the formula (2.84). The functions a, b, and consequently
A, B, C, and D are known and depend on ¢, o, and the observation time. Their values can be calculated
and stored for a fine grid of neutron star positions on the sky and appropriate observation times before
the data analysis is conducted. The normalized reduced functional for the second component of the

signal can be calculated similarly. Here the corresponding Fourier transforms are given by

T,/2

F, %/ x[t(ty)]alt(ts)] exp[—i2® (t[ts])] exp(—idm fots)dts, (2.86)
—To/2
T,/2

Fy %/ x[t(ty)|b[t(tp)] exp[—i2®P (¢[ts])] exp(—idm foty )dts,. (2.87)
~T,/2

The statistics F for the whole signal is then calculated from the formula

4 B|F1|? + A|Fy)? — 20R(FioF},)

. 2.88
Sh(fo)To D o
2 2 _ *
L4 BB+ Al 20R(F k) (2.89)
Sn(2f0)T, D

The statistics F needs to be calculated on a multidimensional grid of parameter values covering sufficiently

densely the parameter space, and compared against a threshold.

2.2.3.3 The F- statistic

It has been demonstrated [115] that the quantity 2F follows a probability distribution of a x? with four
degrees of freedom in the absence of a signal and that of a non-central 2 with a signal present with a
non-centrality parameter

\:=d* = (h|h) (2.90)

where d is proportional to the signal amplitude. The probability distributions pnoeise (2F) and psignal+noise (2F; d)

are hence

Puoise(2F) = E(Qf)*l/ze*(”)”, (2.91)

27\ '/ —— | 2
psignal+noise(2f; d) = (d) Il (d 2]:') e_E(QF)_Ed 5 (292)
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where I; is a modified Bessel function of the first kind. As discussed in section 2.2.3.2, 2F can be used

as a detection statistic, where a threshold 2/, can be chosen to satisfy a desired false alarm probability

2Fo
CDFHOiSG[Q}-O] = / pnoise(Qf) d(2]:) =1-q,
0

1 1 f
=1- (1 +2F0 + 5(2]%)2 + 6(2]-‘0)3> e 2o, (2.93)

and where the probability of detection for a given d is

o0

Pdctcction (d7 2-/.'.0) = / psigna1+lloise(2f; d) d(Qf) (294)
2Fo

The formalism above describes a time-domain implementation, but a narrow-band frequency implemen-
tation [116] has been used extensively in LIGO searches. In the case of known pulsars for which optical
or X-ray observations of pulsar wind nebulae allow inference of ¢ and v, an improved version of the
F-statistic known as the G-statistic can be applied to get a slight gain in sensitivity [117]. Although orig-
inally derived in a frequentist, log-likelihood approach, the F-statistic can also be derived in a Bayesian

framework [118] by setting an unphysical prior (non-isotropic in stellar orientation).

2.3 Continuous Wave searches

As detailed in Sec. 2.1, the most plausible sources of CW gravitational radiation detectable by ground-
based detectors are rapidly spinning neutron stars within our galaxy. Search strategies for CW radiation
are highly dependent on the a priori information about the source. CW searches can be categorized
into three broad types: [119] (1) targeted searches, where both the star’s position and rotation frequency
are known, such as known radio, X-ray, or y-ray pulsars; (2) directed searches, where the position of the
star is known but the rotation frequency is not, for example, a non-pulsating X-ray source located at the
center of a supernova remnant; and (3) all-sky searches aimed at discovering unknown neutron stars. The
parameter space to be searched expands significantly across these categories. In each scenario, the star
might be isolated or part of a binary system. Given the anticipated weak signal strengths, it is important
to integrate data over extended observation periods to enhance the likelihood of signal detection. The
amount of known information about the source determines the integration approach. Generally, the more
detailed the knowledge, the more computationally manageable it is to perform coherent data integration

(maintaining phase information) over extended observation times, as described below.

2.3.1 Performance measures

A significant challenge in CW searches lies in determining the parameter space of signals to be covered
and selecting the appropriate detection statistic. These elements of CW search design must generally be

balanced against each other. Given the constraints of computational resources, it is often necessary to
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choose between a sensitive (but computationally intensive) detection statistic over a limited (and compu-
tationally less demanding) parameter space, or a broader (but more computationally costly) parameter

space with a sub-optimal (and computationally cheaper) detection statistic.

2.3.1.1 Sensitivity depth

The CW search sensitivity depth [120, 121] is a scalar that functions similarly to a signal-to-noise ratio.
As a measure of signal strength, an upper limit at confidence C is calculated for the GW amplitude of
the signal, typically denoted as hg. The upper limit hOC is determined using various methods [121, 122],

which generally adhere to the following procedure

1. Establish a criterion for detecting CW signals using a given search algorithm. Common practice
is to consider the maximum detection statistic X™»* found by a search as the most promising
detection candidate. Apply the algorithm to numerous synthesized data sets containing only noise,
record the X™#* from each data set, and set a threshold X* such that only a fraction A of the
X™max gatisfy X™a* > X*. Here, A represents the false alarm probability

The probability of falsely claiming a detection by finding X™?* > X*, despite the data
containing no signal. This probability is typically small; conventionally, CW searches set

a false alarm threshold of A = 1%.

2. With a fixed hg, draw random sets of values for the CW signal model parameters. Amplitude
parameters (other than hg) are drawn from their natural priors; phase parameters are drawn from

the search parameter space.

3. For each set of model parameter values, generate a CW signal time-series h(t) in software using
the given parameter values. Add to each h(t) a realistic representation of the detector noise, either
by using real detector data or by simulating stationary Gaussian noise with power spectral density

Sp (assumed constant over the narrow bandwidth of CW signals).

4. Analyze each noisy h(t) time series using the CW search algorithm. For each noisy h(t), determine
if the simulated CW signal would have been detected using the established criteria, i.e., whether
the X™ from the search of each noisy h(t) exceeds X*. The fraction of CW signals considered
detected is the detection confidence C. The hg fixed in step 2 is then interpreted as an upper limit
hg" with C confidence; if the data contains a signal with amplitude hg, there is confidence C of

detecting it.

5. Adjust hy and repeat steps 2-4 until C converges to the desired confidence level, typically 90% or
95%. Published CW searches generally report upper limits hS as a function of search frequency f

as their primary scientific result.

The sensitivity depth takes the ratio of an upper limit, given by hoc, to an estimate of the noise in the

detector, given by Sp,. It is defined as

p_ V5n/Hz (2.95)

h§
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Here, S;, is defined as the single-sided power spectrum within the same frequency band as the CW
signals used to determine h§', and it is calculated by taking the harmonic mean of the data over time
and across multiple detectors. This averaging over time provides a representative value of the detector’s
power spectrum, which can vary over short periods during an observation. Short-duration non-Gaussian
“glitches” in the noise (lasting less than 1 second) generally do not impact long-duration CW searches
unless they are intense and short enough (similar to a Dirac delta function) to affect a wide frequency

band in their Fourier transform [123].

Since a smaller h§ signifies a more sensitive search, D increases with search sensitivity. By isolating the
performance of the detector, specifically its noise power spectrum, D measures the contribution of the
CW search algorithm to the overall search sensitivity. Typically, D stays roughly constant for a given
CW search, excluding frequency bands where S}, is negatively impacted by excessive detector noise, such

as instrumental line artifacts.

2.3.1.2 Parameter-space breadth

To complement D as a measure of CW search sensitivity, the concept of breadth B is introduced as a

measure of CW parameter-space coverage

B= / NL) (2.96)
P

Here, P represents the CW search parameter space, from which parameter vectors p € P are drawn. The
function g(p) is the determinant of the parameter-space metric g;;(p) [124]. The metric g;;(p) provides a
distance measure in the parameter space. Specifically, if a CW signal is present in the data with best-fit
parameters p, and an attempt is made to match that signal to a model waveform with parameters p+ Ap,
the mismatch p = g;;(p)Ap; Ap; quantifies the expected loss in signal power. If Ay = 0, the signal is
perfectly matched, resulting in the optimal maximum detection statistic. For Ap # 0, the detection

statistic is expected to decrease by a factor ~ 1 — p for small p [125].

The metric quantitatively measures the “closeness” of signals in parameter space in terms of recovering
signal power, with its determinant quantifying the “density” of the parameter space. Thus, B represents
the number of CW model waveforms (or templates) required to search a given parameter space thor-
oughly. However, B is not rescaled to provide actual template counts for a given CW search, as this is
considered an implementation detail of the algorithm. Ideally, the algorithm would use the minimum
number of templates necessary to cover the parameter space, ensuring the mismatch remains under a
pre-established maximum [126]. It has been shown [127] that for observing time-spans longer than a day,
the CW parameter-space metric is largely independent of the amplitude parameters of the CW signal.
Consequently, only the CW phase is needed to compute the metric; indeed, it suffices to use a simplified,
approximate phase. Using the phase metric approximation [127], the metric is computed from:

win= [ atsaoet] L[] [[u080]

p p p
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where the integration spans the observation period T. For the parameter-space breadth computation,
the parameter-space metric of a fully-coherent CW signal is assumed, where ¢(tget) matches the data
across the entire observation. Not all detection statistics meet this criterion; often, a trade-off is made
by sub-optimal detection statistics to relax this restriction. The purpose of B is to quantify the size of
the CW signal model’s parameter space, while the CW search size (in terms of the number of templates)
is considered an implementation detail of the search. CW data analysts must often balance sensitivity
and parameter-space coverage in their CW search design, with the trade-off reflected in the D and B
achieved for that search. An optimal choice could be to use a detection statistic that balances sensitiv-
ity (increasing depth) with computational efficiency, allowing a wider parameter space to be searched

(increasing breadth).

Frequency and spindown parameter space

The phase metric over the frequency and spindown parameters is given by [128]

47T2(T + 1)(8 + 1) T'r+s+2

r = 5 2.97
LS = ) (s + 2)1(r + 5+ 3)! (2.9

where £, () are the rth, sth spindown parameters respectively. Note that 97(r),f(s) 18 independent of

). The square root of the determinants of this metric, up to the 2nd spindown, are

By =+/y(f) = % (2.98)
. w2713
g(f, f) = W (2.99)
,].(.3 6
o f = T (2.100)

360v/105

Equation (2.97) assumes the observation runs over tgqe; € [0,7], while the subsequent equations are
independent of this choice. Equation (2.98) provides the raw frequency breadth Bf. To separate the
contributions from each spin-down parameter, their (raw) breadths are defined as ratios to the breadth

of the preceding spin-down

T2

o f] , (2.101)

B = i/dfdf o(f,f) =

i df df d : ‘ } 2.102
fB/fff(fff GMf (2.102)

Using the notation of [127], for a parameter p with parameter space [pg, p1] U [p2, ps] U ..., define:
Pl =p{ —pi+p§—p5+.... (2.103)

The breadths in f(*) scale as T, consistent with the typical spacings Af() o« T=51 used to construct

a rectangular search grid in these parameters.

Sky parameter space
The metric over the sky arises from the Solar System Rgmer delay ARg(tget) [117]. The detector position

vector 7(tget) can be approximated with a Ptolemaic-like orbit (cf. [129]), assuming the Earth’s orbit is



Continuous Waves 52

circular and co-planar with its equator, and ignoring the relative phase differences between the Earth’s
sidereal and orbital motions, which should be immaterial over long observation periods. With these

assumptions, the sky component of the CW phase simplifies to

Gsky (tdet) = 27 f cos & [T cos(a — Qstaet) + 70 cos(a — Qotaet )] - (2.104)

Here, 7, ~ 2.13 x 1072 It-s is the Earth’s radius, 79 /= 4.99 x 102 lt-s is the orbital radius of the Earth
around the Sun, and €, ~ 7.27 x 107° Hz, Qg ~ 1.99 x 10~7 Hz are the respective sidereal and orbital
angular frequencies. Combining Eqgs. (2.96), (58), and (2.104), and noting that 75 < 79 and Qp < s,

the expression for By is

QoT
By = §7T3f27'02{1 — sinc?(QpT) — 2sinc? (g) (2.105)
275 1/2
+ 2sinc(QpT) sinc? (QOT) + A7 sinc (QST> +0 [(n) ] } ’ (2.106)
2 T0 2 T0

where sinc(z) = sin(z)/x. Note that Bgy, converges to 873 f27¢ /3 for QoT > 1, i.e., once the observation
time spans many years. For CW searches covering patches of the sky, Bqyy is rescaled by the fraction
of the sky covered, assuming the template density is isotropic over the sky for long observations. Given
several types of raw breadths defined previously, the overall breadth is found by multiplying these factors

and integrating over f
B= /deB..., (2.107)

where the product is taken over those B... relevant to a particular search.

2.4 Search algorithms

Given a model for the CW signal waveform (Sec. 2.2), the optimal strategy is to match filter the entire
data set against the model over the parameter space of interest. This method is feasible when all phase
parameters of the signal are well known, such as in targeted and narrow-band searches for known pulsars.
However, it becomes impractical over a wide parameter space. To illustrate, consider an all-sky search
of one year of data, covering f € [50,1000] Hz and f € [-1078,0] Hz s~!. Using the parameter-space
breadth formulae from Sec. 4.2, we get Bay = 9.9 x 10'2, By = 4.0 x 100, B; = 2.3 x 106, and
B = 9.2 x 10*. Assuming B approximates the number of matched filters needed, the computational
cost on current hardware is /= 2.3 x 10'° years, which is clearly impractical. To address this, CW search
algorithms use a hierarchical structure [51]. Initially, the entire data set (time-span T') is divided into
N segments, each spanning a coherence time T, < T'. In the first coherent stage, matched filters are
applied to each segment individually. The number of filters required generally scales with Tfoh where
d 2 6 [130]. This steep scaling is computationally expensive for a fully-coherent search, but choosing a

manageable T, makes the computational cost feasible.
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In the second semi-coherent stage, an algorithm combines the matched filter results from the IV segments.
This algorithm sums the N matched filter results over the same phase parameter space, allowing phase
jumps between segments while requiring consistent frequency. The phase can jump by a random offset

from segment to segment, while the frequency remains consistent across segments

¢(t)N+1 - ¢(t)N + ¢random7 (2108)
27Tf(t)N+1 — d¢fli)N + d¢radr;dom
- d¢c(z?N +0=27f(t), (2.109)

where -nyy1 and -y label the (IV + 1)th and Nth segments, respectively. Relaxing phase consistency
reduces sensitivity and makes the detection statistic more susceptible to instrumental line artifacts [131].
However, the computational cost of the semi-coherent stage scales as N 77Tc60h with n < § & § [130], saving
a factor of ~ N ‘5_"Tcgfl in computational cost compared to a fully-coherent analysis. This significant
saving often makes hierarchical searches of year-long data sets feasible. Given a fixed computing budget
[130], a hierarchical search is often more sensitive than a fully-coherent analysis, as it can analyze all

available data efficiently, whereas a fully-coherent search would be limited to a subset of the data, thereby

reducing its sensitivity.

2.4.1 Coherent algorithms

Figure 2.3 illustrates D and B for each search as a function of the coherence time Tco, used in the
initial coherence stage. If a search employs multiple coherence times, the maximum coherence time
Teoh,max = max Ty, is displayed. It is evident that search sensitivity improves with longer coherence
times, while parameter-space coverage diminishes due to the sharp rise in computational cost associated
with increasing T.on. The four coherent algorithms identified in the figure are discussed in the following

section.

2.4.1.1 Frequency-domain power

Over a “short enough” time T,,n, the CW signal frequency remains nearly constant. The simplest
coherent algorithm for this scenario involves computing the discrete Fourier transform of a data segment
and then determining the power of the bin where the CW signal is expected. The criterion for T, to

be “short enough” so that the CW signal power is concentrated in one bin is given by

2 6 \ 5HJTcoh

T, <
b = 7 max{ f} max{r,, a,} max{Q2, 02}

(2.110)

where puTeon sets the fraction of signal power allowed to be lost for a specific Teon, max{f} is the maximum
frequency over the parameter space, max{7s, a,} is the maximum of the Earth’s radius and the searched
binary orbit’s projected semi-major axis (if any); and max{Qi,Qf,} is the maximum of the square of

either the Earth’s sidereal angular frequency or (if any) the searched angular frequency of a binary orbit.
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FIGURE 2.3: Sensitivity depth D (top panel) and parameter-space breadth B (bottom panel) of 297 CW
searches, plotted against the maximum coherence time Tioh,max used in each search. Markers denote

the coherent algorithm employed by each search. Taken from [132].

GW data, divided into segments of time-span T}, as described above and Fourier transformed, serves as

a common input data product not only for semi-coherent algorithms that sum power in each segment but

also for algorithms such as the F-statistic (Sec. 2.2.3). Common file formats include the Short Fourier

Transform (SFT) [133], and the Short FFT DataBase (SFDB) [134].

2.4.1.2 5-vectors algorithm

The 5-vectors method [135, 136] exploits the following property of the CW signal: when the phase

parameters of the signal are fully specified (i.e., the functions h (t) and hy (¢) in Eq. (1.43) are precisely

known), only the modulation from the detector responses F (t) and F (t) remains. The strain amplitude

can be expressed as

h(t) = hoA - We!($sttdo)

(2.111)
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where €2, is the signal frequency in the SSB frame, A is decomposable into plus- and cross-polarized

terms that depend on complex amplitudes H; and H
A=H A" +H A~ (2.112)

Here, AT and A are expressed using trigonometric functions [32]. The vector W is a five-component

set of basis functions, indexed by k = —2,—1,0,1,2:
W, = e k® (2.113)

where O is the detector’s local sidereal time in radians. The data stream z(¢) can also be decomposed
using these basis functions

X:/x(t)We—iQstdt (2.114)
T

A detection statistic is then constructed using a weighted sum of the squared projections

S = cy|hy|? + ex|hy|? (2.115)
where the projections are defined by
- X At XA~
he =T b= o (2.116)

Empirical studies [32] indicate that the best performance for known ¢ and ¥ is achieved with weightings

ci.x = |ATX|%, and the signal amplitude estimation can be obtained from

ho = \/ |2 + [ |2 (2.117)

To date, the 5-vectors method has primarily been used as a fully-coherent algorithm for targeted and
narrow-band searches for known pulsars. The phase demodulation of the signal using the known h4 (t)
and hy(t) is efficiently handled using the Band-Sampled Data (BSD) [137] framework, which provides
band-limited data, heterodyned at regular intervals (typically 10 Hz), and down-sampled to speed up

subsequent computations.

2.4.1.3 Coherent F-statistic

As discussed in section 2.2.3, the F-statistic is the log-likelihood function of the observed data given
a CW phase modulation, maximised over the four amplitudes of Eq. (2.43). This statistic has been
employed in various CW searches: for known pulsars (as a fully-coherent search), directional targets
such as CCOs and LMXBs (both fully-coherently and as the first stage of a hierarchical pipeline), and

all-sky searches.

The F-statistic has specific statistical properties. In the absence of a signal and assuming Gaussian noise,

the value of 2F follows a central x? distribution with four degrees of freedom. When a signal is present,
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2F follows a non-central x? distribution with four degrees of freedom and a non-centrality parameter p?.
Here, p? is the optimal signal-to-noise ratio when the signal and template are perfectly matched [117].
Due to these properties, explicit values of the F-statistic quoted in the literature are usually presented

as 2F.

Multiple software implementations exist to compute the F-statistic. One time-domain implementa-
tion [138] uses the “resampling” technique introduced in [117]. This method employs the Fast Fourier
Transform to compute N values of 2F at regularly spaced frequencies simultaneously. The computa-
tional cost of resampling scales as O(log N), compared to O(N) for computing each 2F value individually.
The LALSuite [139] software package includes an independent implementation of the resampling tech-
nique [140]. LALSuite also features another frequency-domain technique known as “demodulation,”

which efficiently computes individual 2F values [141, 142].

For neutron star sources in binary orbits, the signal phase must be de-modulated according to Ag(tns)
(Sec. 2.2.2). An alternative method [143] involves computing the F-statistic without including Agr(tns)
in the phase; instead, the signal is divided into multiple side-bands using the Jacobi-Anger expansion

[cf. [144]]. A subset of these side-bands can then be summed to reconstruct the F-statistic.

2.4.1.4 Bayesian inference

Bayes’ theorem provides the posterior probability of a model given observed data, derived from the prior
probability for the model, the likelihood of the data given the model, and the evidence (or marginal
likelihood). If the prior probability distributions align with the expected population of signals, Bayesian
inference offers the most robust detection statistic [145]. The F-statistic, for example, does not meet
this criterion; the maximization over the A* amplitudes implicitly assumes unrealistic prior distributions

for the underlying model parameters hg and cos¢ [146].

A Bayesian inference pipeline is employed for surveys of known pulsars. Unlike ad-hoc constructed
statistics, Bayesian inference’s flexibility allows for the use of the intricate pulsar timing model [147],
including eccentric binary orbits and irregular timing noise [148]. Initially, the pipeline heterodynes the
data at the specified CW phase inferred from the pulsar ephemeris, then computes posterior probabilities
on the four physical amplitude parameters hg,cost, ¥, ¢g. The first implementation of this pipeline
[149] utilized a Markov Chain Monte Carlo (MCMC) to compute the posterior probability. A more
efficient version [150] employs nested sampling, enabling searches over small ranges of phase parameters,
quantifying detection significance, and performing model comparison. It also supports searches at both
harmonics of the CW signal [151] and models GW polarizations predicted by non-GR theories of gravity
[152]. This implementation is integrated into LALSuite [139]. A third generation of the pipeline [153],

written in Python, can utilize various Bayesian inference solvers via [154].
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FIGURE 2.4: Sensitivity depth log D versus parameter-space breadth log BB for 297 CW searches. Plotted

are polygons, each of whose vertices indicates a CW search using a given semi-coherent algorithm.

Names of all semi-coherent algorithms are listed in the legend. Each polygon is given a numeric

label, placed on an arbitrary edge, corresponding to the legend. Where only one CW search uses a

particular semi-coherent algorithm, no polygon is plotted and instead the numeric label marks the
search (log B,log D). Taken from [132].

2.4.2 Semi-coherent algorithms

The primary distinction between a coherent framework and a semi-coherent one lies in their approach to
data utilization. A coherent framework uses the entire data time-span T}, in a single, unified analysis. In
contrast, a semi-coherent framework divides the data into multiple segments, each of duration Tiemicon-
Each segment is individually processed using a specific algorithm, and the results from all segments
are subsequently combined to form a single detection statistic. Figure 2.4 plots D versus B. In this
figure, the 13 semi-coherent algorithms used by the searches are highlighted by plotting polygons whose
vertices represent the searches. These polygons illustrate the area in B—D space that each algorithm is
demonstrably capable of operating over. This provides insight into the typical configurations and their
flexibility for each algorithm. For instance, the Viterbi Hidden Markov Model (HMM) algorithm (Sec.
2.4.2.7) can be configured in various ways due to its computational efficiency, whereas the TwoSpect
algorithm (Sec. 2.4.2.6), specialized for neutron stars in binary systems, is adaptable for both all-sky
surveys (higher B) and directed targets (lower B). Many algorithms traditionally focus on specific
parameter spaces. The following algorithms are typically used for all-sky searches for isolated neutron
stars: coincidence (Sec. 2.4.2.1), SkyHough and FrequencyHough (Sec. 2.4.2.2), StackSlide, Global
Correlation Transform (Sec. 2.4.2.3), and PowerFlux (and its loosely coherent extension; Sec. 2.4.2.4).
CrossCorr (Sec. 2.4.2.5) focuses on LMXBs, particularly Sco X-1, while BinarySkyHough (Sec. 2.4.2.2)
is designed for all-sky searches for neutron stars in binaries. Relatively newer algorithms, such as Weave
(Sec. 2.4.2.3) and the SOAP HMM algorithm (Sec. 2.4.2.7), have only been used in a few searches to
date. Figure 2.5 illustrates the maximum coherence time Tcon max usually chosen for each semi-coherent
algorithm. (Note that Tconmax represents the longest coherence time used by a search, in cases where
multiple coherence lengths are employed.) Seven of the 13 semi-coherent algorithms use power (Sec.

2.4.1.1) as the first-stage coherent algorithm; four utilize the F-statistic (Sec. 2.4.1.3); and two may use
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FIGURE 2.5: Maximum coherence times Tcon,max chosen by the semi- coherent algorithms used in

297 CW searches. Colours are arbitrary but are the same as in Fig. 2.4; markers denote the coherent

algorithm used by the hierarchical pipelines; marker size indicates the relative popularity of a particular
choice of Tion,max for a given algorithm. Taken from [132].

either method. For semi-coherent algorithms using power, a coherence time of Ti,;, = 30 minutes is a
popular choice because it satisfies Eq. 2.110 up to f < 2kHz [155], making it the standard choice for
the time-span of SFTs. Longer coherence times can be used when summing power at lower frequencies;
however, searches over binary orbit parameters may require shorter SFTs if Qp < Qg (Eq. 2.110).
Semi-coherent algorithms that use the F-statistic are generally not constrained by Eq. 2.110, though

the computational cost increases significantly with Tiop.

The remainder of this section outlines the semi-coherent algorithms referenced in Figs. 2.4 and 2.5.
Each algorithm essentially aims to demodulate the CW signal frequency accurately while allowing some
flexibility in the CW signal phase, as described in Eq. 2.109. Despite this common goal, the algorithms

differ significantly in their conceptual foundations and design choices.

2.4.2.1 Coincidence-based algorithms

The simplest method for combining the IV segments is to avoid doing so; coincidence-based algorithms do
not attempt to sum results across segments from the coherent stage. Instead, each segment is treated as
an independent search, and coincidences are identified among significant candidates from each segment
[138]. Candidates may be considered coincident by binning their parameters over a grid, thus grouping

candidates with similar parameters [156].

The coincidence method may be less sensitive than other semi-coherent methods. For example, a weaker

signal might become detectable by accumulating signal power over segments, but it could be missed
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if it does not pass a per-segment threshold. However, this method has the advantage of avoiding the
computational expense of the second semi-coherent stage. Additionally, it can be applied to data in
(relatively) real time—as soon as T, worth of data is collected and prepared—rather than having to
wait until the end of the run for all data to be collected. The coincidence method has been used in all-sky

searches for isolated pulsars.

2.4.2.2 Hough transform algorithms

The Hough transform [157] is a pattern recognition algorithm originally developed to detect particle
tracks in bubble chamber photographs. Consider analyzing a two-dimensional image (x,y) to identify
straight line patterns of the form y = ma + ¢. The Hough transform maps a point (x,y) to the set
{(m,c)} of all lines passing through that point. If there is a straight line artifact y = moz + ¢ in the
image, mapping each point (z,y) along the line will produce sets {(m,c)} that intersect at the true
parameters (mog, ¢p). These intersections can be found by binning the mapped sets {(m,c)} over a grid

in (m, ¢), identifying bins with the highest counts.

The Hough transform has been applied primarily to all-sky CW searches. As a two-dimensional transform,
it requires selecting two dimensions from the at least four-dimensional all-sky parameter space. This has
led to two implementations: SkyHough [158], which applies the Hough transform to the sky parameter
space at fixed frequency and spindown; and FrequencyHough [159], which applies it to the frequency-
spindown parameter space at fixed sky position. Aside from this choice, both implementations operate

similarly.

A Hough transform pipeline begins with matched filter results from the first coherent stage for each
segment, typically using power. Each matched filter result must surpass a threshold and be a local
maximum relative to neighboring filters, selecting a collection of points known as a peak map. The Hough
transform is then applied to the peak map, and its results are binned into a grid called a partial Hough
map; each grid cell is one if it contains a value of the transform, or zero otherwise. Finally, the remaining
dimensions of the search parameter space are considered (frequency and spindown for SkyHough, sky
position for FrequencyHough). For each vector of parameters selected from these dimensions, the partial
Hough maps consistent with a CW signal with these parameters are summed over segments to produce a
total Hough map. The final output of the SkyHough (FrequencyHough) pipelines are total Hough maps
over the sky (frequency-spindown) parameter spaces, for fixed values of frequency and spin-down (sky
position). The detection statistic in each bin of the total Hough map is the count of segments (out of

N) in which the corresponding bin of the partial Hough maps registered a one.

Further developments of each implementation have included: weighted summing of the partial Hough
maps to account for the amplitude modulation of the CW signal [160]; BinarySkyHough, an extension
of the SkyHough implementation to efficiently search over binary orbital parameters [161]; extensions of
the FrequencyHough implementation to perform directed searches (i.e., at fixed sky position) efficiently

using the BSD framework [162], and to search over binary orbital parameters [163]; and adaptations of
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the Hough transform beyond the CW realm to search for long-duration but transient gravitational wave

signals [164].

2.4.2.3 StackSlide algorithms

The StackSlide algorithm [165] operates as follows: Start by computing the power spectra from a set of
SFE'Ts, stacking each spectrum as a vertical column along a horizontal time axis to create a time-frequency
plane of power versus time. A CW signal in this plane would appear as a wavy horizontal line due to
various frequency modulations f(¢). By “sliding” each spectrum up and down for a given vector of
sky and spin-down parameters, the wavy line can be straightened. Summing the frequency bins of the
spectra in their adjusted positions accumulates CW signal power over time for a range of frequencies.

The summed StackSlide power follows a x? distribution with 2V degrees of freedom [165)].

The StackSlide concept has been generalized to use the F-statistic instead of power. The idea of “sliding”
power spectra is concretely implemented using coarse and fine grids, as follows. First, in the coherent
stage, the F-statistic is computed over a coarse grid for each segment. This grid is constructed using
the parameter-space metric (Eq. (58)) to decide grid spacings. In the semi-coherent stage, a fine grid
is constructed to suit an incoherent sum of F-statistic values. This is achieved by averaging the N
coherent metrics from each segment. The fine grid typically contains v more points per unit parameter

space volume than the coarse grid; «y is the refinement factor.

Next, each coarse grid is interpolated onto the fine grid: for each fine grid point, and for each segment, the
closest coarse grid point is identified (using the coherent parameter-space metric). This provides a one-to-
N mapping from each fine grid point to its closest coarse grid points in each segment. For each fine grid
point, the NV values of 2F from the closest coarse grid points are summed. The output detection statistic
follows a x? distribution with 4N degrees of freedom [165]. Implementing the StackSlide algorithm with
the F-statistic requires knowledge of both the coherent and semi-coherent metrics. A desirable property
is for the metrics to be flat, i.e., g;; () = gi; is constant with respect to phase parameters, which aids in
generating template banks that minimize computational cost [166]. However, such template banks may

not be optimal for detection [167].

The metric is a quadratic approximation of signal power loss, valid for small mismatches p < 0.4 [127].
Due to computational constraints, the semi-coherent mismatch rarely meets this requirement, but empir-
ical studies indicate that signal power loss progresses slowly even at large mismatches. Hence, StackSlide
searches can still achieve good sensitivity, even with a large (2 1) metric mismatch p [168]. Building on
large-scale correlations in phase parameter space and simplified CW phase models, the Global Correla-
tion Transform (GCT) was derived in [169]. The GCT introduces new phase parameters by absorbing
a Taylor expansion of Earth’s orbital motion into new frequency and spin-down coordinates. The GCT
metric underestimates signal power loss over realistic observing times but remains in use for all-sky CW
searches. The supersky metric [125] expands on GCT ideas, addressing its limitations. It projects the
sky parameter space from a 2-sphere to three dimensions, then back to a two-dimensional plane corre-

sponding to the equatorial plane (short T') or ecliptic plane (long T'). This retains higher-order terms
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important for longer T. Combined with an optimal lattice-based template bank [170], the StackSlide
search pipeline based on the supersky metric, known as Weave [171], has demonstrated improved sen-
sitivity compared to GCT [172]. Weave has been used for narrow-band searches for known pulsars and
directed searches for CCOs, despite its memory requirements for storing 2F values for the fine-to-coarse

grid mapping [172].

2.4.2.4 PowerFlux algorithms

PowerFlux [122] is an all-sky search pipeline for isolated neutron stars. The primary distinction is that
PowerFlux weights the power from each SFT by the detector response functions, emphasizing times
during the day when the detector is most sensitive for a given sky position. Additionally, PowerFlux
inversely weights the power from each SFT by its noise, de-weighting times when detector sensitivity
is degraded. The method is highly optimized [173] and often used for “quick-look” searches of early
data from a run, capitalizing on the typical improvement in detector sensitivity after upgrades and
commissioning between runs. PowerFlux has developed a procedure for computing hS upper limits that
are strictly conservative (i.e., worst-case) even in the presence of spectral artifacts [174]. The loosely
coherent extension to the classic PowerFlux algorithm [175] generalizes the concept of summing SFT
power over time. Instead, it considers a two-dimensional summation over all pairs of SFTs at times
t1,t2, where a kernel function K, ;,(d) with parameter § decides which pairs to add and with what

weight.

In this framework, summation of SF'T power corresponds to a kernel that is one when t; = t5 and zero
otherwise. This kernel blurs the distinction between the coherent and semi-coherent stages in the hierar-
chical search paradigm, allowing a smoother transition between full phase coherence and phase-incoherent
power summing over a timescale determined by 0. It bears similarities with the cross-correlation method
(Sec. 2.4.2.5) and the approaches of [176]. The loosely coherent method was initially developed to follow
up candidates from an initial PowerFlux search, enabling longer effective coherence times T, to be
used, as seen in Fig. 2.5. A recent, fast implementation of the method called Falcon [177] enables loose

coherence to be used in the initial search as well.

2.4.2.5 Cross-correlation algorithms

Cross-correlation is a well-established concept in signal processing, used to quantify the similarity be-
tween two independent time series as a function of their relative time offset. Its initial application to GW
data was as a radiometer in software [178] for detecting unmodeled stochastic gravitational waves. Sub-
sequently, a model-based cross-correlation algorithm was developed for searching for CW signals [179].
Similar to the loosely coherent PowerFlux kernel, each pair of independent Short Fourier Transforms
(SFTs), labelled I and J—either from different times or different detectors—are cross-correlated using
a filter Q. This filter weights each pair of SFTs according to how a CW signal would manifest in

both, demodulating the signal to maximize the signal-to-noise ratio. The filter can be adjusted to select
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which SFTs to cross-correlate: correlating only those close in time yields a power-like detection statis-
tic, whereas correlating all SF'Ts recovers the F-statistic. Thus, the cross-correlation method allows for

flexible tuning of phase coherence, more so than traditional two-stage hierarchical searches.

The initial CrossCorr implementation targeted a CCO in the supernova remnant SN 1987A [180]. Fur-
ther advancements include “resampling” for efficient frequency computations, similar to the F-statistic.
Lattice template placement has been employed to minimize computational cost, particularly by utilizing
a coordinate transform in the P — ¢,5. space, reducing the template bank to a single point in P [181].
Typically, CrossCorr adjusts its effective coherence length T},,«x based on parameters such as f, a,, and

tasc .

2.4.2.6 TwoSpect algorithm

TwoSpect [182] is an algorithm specifically designed to detect CW signals from neutron stars with binary
companions. The process begins similarly to the StackSlide-on-power method by stacking Short Fourier
Transform (SFT) power spectra to create a time-frequency plane, where the vertical axis represents
SFT frequency and the horizontal axis represents time. The Fourier transformations and power spectra
are then computed over this time-frequency plane, resulting in a frequency-frequency plane where the
vertical axis shows SF'T frequency and the horizontal axis shows the second Fourier transform frequency,
as illustrated in Fig. 1 of [182]. Due to the modulations of the CW signal from the orbits of the neutron
star and Earth, signal power appears in the TwoSpect frequency-frequency plane at regularly spaced
intervals. In the initial analysis stage, power in pixels and their harmonics is incoherently summed to
identify promising candidates. The second stage then constructs templates that match the expected
pattern of pixels for a CW signal with specified sky, frequency, and binary orbital parameters. TwoSpect
has been used in directed search mode to target low-mass X-ray binaries (LMXBs) such as Sco X-1 and

XTE J1751-305 [183).

2.4.2.7 Viterbi and SOAP algorithms

An HMM (Sec. 2.4.1.4) models the CW signal frequency as a randomly-changing path over a time-
frequency plane, rather than as a pre-determined well-modeled function. The Viterbi algorithm is em-

ployed to determine the most likely path of the signal frequency through this plane.

The Viterbi algorithm is often described as “tracking” the signal forward in time, but it actually works by
analyzing the data backwards in time. For CW searches [184], the Viterbi algorithm operates as follows:
for each time step m and frequency bin n, it evaluates the frequency bins n—dn_,n—dns1,... ., n+dny
from the previous time step m — 1. The values dn_ and dn are chosen based on the expected behavior
of the CW frequency, for instance, whether it may decrease (dn_ > 0) or increase (dn, > 0) over time.
Based on the detection statistics computed at these dn frequency bins, the algorithm selects the bin with
the highest detection statistic, indicating the most probable path from time step m — 1 to time step m.

The maximum detection statistic at time step m —1 is then added to the detection statistic at the current
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time step m and frequency bin n. In essence, at each time step m, the Viterbi algorithm identifies the N
most likely past paths of the CW frequency that intersect the N frequency bins. By the final time step
M — 1, it has found the N most probable paths of the CW frequency through the time-frequency plane
ending at the N frequency bins.

The Viterbi algorithm offers several advantages, including good coverage of a wide range of possible
signal frequency variations, low computational cost, and adaptability to various search targets. The first
implementation for CW searches [143] focused on LMXBs like Sco X-1. Unlike templated CW algorithms,
the Viterbi algorithm effectively handles the expected spin wandering of the signal frequency due to time-
varying accretion torque. This approach has also been applied to CCOs in young supernova remnants
[185] and long-duration transient gravitational waves from neutron stars formed in binary neutron star

mergers.

A variant, SOAP [184], enhances the basic Viterbi algorithm by incorporating ”memory”, allowing the
algorithm to consider multiple previous time steps rather than just one, improving the search for periodic-
like signals. A post-processing stage using convolutional neural networks [186] enhances robustness
against spectral artefacts. SOAP is designed as a versatile, “quick-look” search method for CW signals

and for identifying instrumental line artefacts.

2.4.2.8 Machine learning

The application of machine-learning (ML) techniques in the search for CW signals typically follows
one of two approaches: either classifying and summarizing the results of a search’s main stage, or
substituting the search step itself by acting as a detection statistic. The first approach involves training
a classifier directly on Fourier-transformed raw time-series data to distinguish the presence of a signal
within background noise. The specific data format depends on the type of signals being targeted: for
CW signals, which last for long periods over narrow frequency bands, a convolutional neural network
(CNN) can be trained on the real and imaginary parts of short-time Fourier transforms [130]. Variations
of this method have been used to search for post-merger signals, which, in contrast to CW signals, have
shorter durations and cover wider frequency bands [187]. To account for the non-trivial time dependency
of the signal, Ref. [131] utilized shorter time durations for Fourier transforms and used the resulting
spectrogram data as input for a CNN. The second approach is less radical and involves applying ML
algorithms to the output of a search pipeline to construct a new detection statistic [133, 139]. This
approach can be advantageous, as the output of search pipelines typically enhances signal features across
the parameter space. This thesis focuses on the development of an algorithm that utilizes advanced
ML techniques to detect signals within Fourier-transformed data streams. Specifically, the algorithm
processes SFT data to produce a detection statistic indicating the presence or absence of a signal. The

following chapter details the implementation of this approach.



Chapter 3

Deep Learning

This chapter introduces the fundamental concepts of deep learning and its applications to CW detection.
It specifically highlights the central role of Convolutional Neural Networks (CNNs) and the technique of
Transfer Learning in this context. Then, chapter 4 addresses the adaptation of such methods to GW
physics and the development of a Binary classifier capable of detecting CW signals embedded in Gaussian

noise and Real detector data.

3.1 Feed-Forward Deep Neural Networks (DNNs)

Over the past decade, neural networks have become one of the most powerful and widely-used techniques
for supervised learning. Deep Neural Networks (DNNs) have a long history [188], but gained renewed
prominence in the mid-2000s with the rebranding as “Deep Learning” [189]. The adoption of DNNs by
the broader machine learning community and industry was notably accelerated in 2012 with the advent
of GPU-based DNN model (AlexNet)[190] to significantly reduce the error rate in the ImageNet Large
Scale Visual Recognition Challenge (ILSVRC) from 26% to 16% [190]. This success was followed three
years later by Microsoft achieving an error rate of 3.57% using an ultra-deep residual neural network
(ResNet) with 152 layers [191]. Since then, DNNs have become essential tools for many image and speech
recognition-based machine learning tasks. The large-scale industrial deployment of DNNs has led to the
creation of many high-level libraries and packages (Keras [192], Pytorch [193], TensorFlow [194], etc.),
making it easier to quickly develop and deploy DNNss.

Conceptually, neural networks can be divided into four categories: (i) general-purpose neural networks for
supervised learning, (ii) neural networks designed specifically for image processing, with Convolutional
Neural Networks (CNNs) being the most prominent example, (iii) neural networks for sequential data
such as Recurrent Neural Networks (RNNs), and (iv) neural networks for unsupervised learning such as
Deep Boltzmann Machines. The first two categories (supervised learning and image processing), are the

most widely used and the two types used for the research subject in this thesis.
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FIGURE 3.1: Basic architecture of neural networks. (A) The basic components of a neural network are

stylized neurons consisting of a linear transformation that weights the importance of various inputs,

followed by a non-linear activation function. (B) Neurons are arranged into layers with the output of
one layer serving as the input to the next layer

3.1.1 Neurons

Neural networks are inspired by the structure of the real brain neurons and are used for supervised
learning tasks. The basic unit of a neural net is a “neuron” that takes a vector of d input features
x = (x1,22,...,24) and produces a scalar output a;(x). A neural network consists of many such
neurons stacked into layers, with the output of one layer serving as the input for the next, as shown in
Fig. 3.1. The first layer in the neural net is called the input layer, the middle layers are often called
“hidden layers”, and the final layer is called the output layer. The exact function a; varies depending
on the type of non-linearity used in the neural network. However, a; can be decomposed into a linear
operation that weights the relative importance of the various inputs, and a non-linear transformation
0;(z) which is usually the same for all neurons in the network. The linear transformation takes the form
of a dot product with a set of neuron-specific weights w = (wy), wg), . ,wy)) followed by re-centering
with a neuron-specific bias b(*"):

20— @ g4 b = T ) (3.1)

where x = (1,2) and w® = (b w®). In terms of () and the non-linear function o;(z), the full
input-output function is:

ai(x) = 0;(z"). (3.2)

Historically, common choices of nonlinearities included step-functions (perceptrons), sigmoids (i.e., Fermi
functions), and the hyperbolic tangent. Recently, it has become more common to use rectified linear
units (ReLUs) [195], leaky rectified linear units (leaky ReLUs), and exponential linear units (ELUs),
as depicted in Fig. 3.2. Different choices of nonlinearities lead to different computational and training

properties. The underlying reason for this is that neural nets are trained using gradient descent based
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FIGURE 3.2: Possible non-linear activation functions for neurons. In modern DNNs,; it has become
common to use non-linear functions that do not saturate for large inputs (bottom row) rather than
saturating functions (top row).

methods, that require us to take derivatives of the neural input-output function with respect to the

weights w® and the bias b(®.

Until recently the most popular choice of non-linearity was the tanh function or a sigmoid/Fermi function.
However, when the input weights become large, as they often do in training, the activation function
saturates and the derivative of the output with respect to the weights tends to zero since do/9z — 0 for
z > 1. Such “vanishing gradients” are a feature of any saturating activation function (top row of Fig.
3.2), making it harder to train deep networks. In contrast, for a non-saturating activation function such

as ReLLUs or ELUs, the gradients stay finite even for large inputs.

3.1.2 Network architecture

Neural networks are a collection of layer neurons stacked in a hierarchical fashion, the general structure
of which is known as the network architecture in Fig. 3.1. In the simplest feed-forward networks, each
neuron in the input layer of the neurons takes the inputs z and produces an output a;(x) that depends
on its current weights (Eq. (3.2)). The outputs of the input layer are then treated as the inputs to the
next hidden layer. This is repeated several times until one reaches the top or output layer. The output
layer is a simple classifier like a logistic regression or soft-max function in the case of categorical data
(i.e. discrete labels) or a linear regression layer in the case of continuous outputs. Thus, the whole neural
network can be thought of as a complicated nonlinear transformation of the inputs x into an output ¢

that depends on the weights and biases of all the neurons in the input, hidden, and output layers.

The use of hidden layers greatly expands the representational power of a neural net when compared with
a simple soft-max or linear regression network. Formally, this is a result of the universal approxima-
tion theorem [196] which states that a neural network with a single hidden layer can approximate any
continuous, multi-input/multi-output function with arbitrary accuracy. In other words, hidden neurons
allow neural networks to generate step functions with arbitrary offsets and heights. These can then be

added together to approximate arbitrary functions. The more complicated a function, the more hidden
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units (and free parameters) are needed to approximate it. Hence, the applicability of the approximation

theorem to practical situations should not be overemphasized.

Modern neural networks generally contain multiple hidden layers (hence the “deep” in deep learning).
There are many ideas of why such deep architectures are favorable for learning. Increasing the number
of layers increases the number of parameters and hence the representational power of neural networks.
Indeed, recent numerical experiments suggest that as long as the number of parameters is larger than
the number of data points, certain classes of neural networks can fit arbitrarily labeled random noise

samples [197].

Choosing the exact network architecture for a neural network remains an “art” that requires extensive
numerical experimentation and intuition and is oftentimes problem-specific. Both the number of hidden
layers and the number of neurons in each layer can affect the performance of a neural network. There
is no single recipe for the right architecture for a neural net that works best. However, a consensus
that seems to be emerging is that the number of parameters in the neural net should be large enough to
prevent under-fitting (see theoretical discussion in [198]). Empirically, the best architecture for a problem
depends on the task, the amount and type of data that is available, and the computational resources
at one’s disposal. Certain architectures are easier to train, while others might be better at capturing
complicated dependencies in the data and learning relevant input features. Finally, there have been
numerous works that move beyond the simple deep, feed-forward neural network architectures discussed
here. For example, modern neural networks for image segmentation often incorporate “skip connections”
that skip layers of the neural network [191]. This allows information to directly propagate to a hidden

or output layer, bypassing intermediate layers and often improving performance.

3.1.3 Training process

The fundamental procedure for training neural networks mirrors that of simpler supervised learning al-
gorithms like logistic and linear regression: construct a cost/loss function and use gradient descent to
minimize it, thereby finding the optimal weights and biases. Neural networks differ from these simpler
supervised procedures in that they generally contain multiple hidden layers, making the gradient com-
putation more complex. The “backpropagation” algorithm [199] for computing gradients, addresses this

complexity.

As with all supervised learning procedures, the first step in training a neural network is to specify a loss
function. Given a data point (x;,y;) where x; € R4*! the neural network makes a prediction §;(w),
where w represents the network parameters. The output layer typically serves as either a continuous
predictor or a classifier. For continuous predictions, common loss functions include the mean squared

error (MSE)
E(w) = o Z(Z/i — 9i(w))?, (3.3)
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where n is the number of data points, and the mean-absolute error (i.e., L1 norm)

= % Z lyi — 9i(w)]. (34)

The full cost function often includes additional terms for regularization (e.g., L1 or Lo regularizers (ref
to regularizers). For categorical data, the cross-entropy loss function is commonly used, especially
when the output layer acts as a logistic or softmax classifier. The cross-entropy between true labels

y; € {0,1} and predictions is given by
= wilogfi(w) + (1 - yi) log[1 — §(w))]- (3.5)

For categorical data with M possible classes, the categorical cross-entropy is defined as

n M-
- Z Z Yim IOg yzm ) + (1 - yzm) 1Og[1 - glm(w)L (36)

i=1 m=0

where y;,, = 1 if y; = m and 0 otherwise. After defining the architecture and cost function, the next
step is to train the model using gradient-based methods to optimize the cost function. The purpose
of gradient descent is to update the parameters in the direction of the negative gradient of the cost
function V,, E(w). Modern neural network packages, such as Keras [192], allow the specification of these
optimizers. Depending on the architecture, data, and computational resources, different optimizers may
perform better, though standard SGD is often a good starting point. Calculating gradients for a neural
network requires the specialized backpropagation algorithm, which is central to any neural network

training procedure.

3.1.4 The Back-propagation Algorithm

The back-propagation algorithm [200] leverages the layered structure of neural networks to efficiently
compute gradients. At its core, back propagation is the application of the ordinary chain rule for partial
differentiation. Consider a network with L layers, indexed by [ = 1,..., L. Denote by wj» i the weight for
the connection from the k-th neuron in layer [ — 1 to the j-th neuron in layer [. The bias of this neuron
is represented by b}. In a feed-forward neural network, the activation a’; of the j-th neuron in the I-th

layer is related to the activations of the neurons in the [ — 1-th layer by

a J<ijkak +bl> = (z;), (3.7)

where the linear weighted sum zé is defined as

=l 4 (35)
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The cost function E directly depends on the activities of the output layer aJL and indirectly on the
activities of neurons in the lower layers via iteration of the Eq. (3.8). Define the error AJL of the j-th

neuron in the L-th layer as the change in the cost function with respect to the weighted input sz

J I
sz

(3.9)

Analogously, the error of neuron j in layer [, Aé, is defined as the change in the cost function with respect

to the weighted input zé

OoF OF

J J
where o/ (z) denotes the derivative of the non-linearity o(-) with respect to its input evaluated at x. The
error function Aé can also be interpreted as the partial derivative of the cost function with respect to

the bias bé-, since
AL OB _OE o,  9F

= = _J _ 11
1= 92 = ou 0s — ob (311

where the fact that 8b§. / 8z§ = 1 has been used. Now, consider that the error depends on neurons in layer

[ only through the activation of neurons in the subsequent layer [ + 1. The chain rule allows writing

Al o a£ _Z 8E aZé+1
75 2
I+1 azllj—l
=2 A
k J

141, 141 l
= (Z Ay )U,(Zj)' (3.12)
k
Next, by differentiating the cost function with respect to the weight wé i as

0z
0F _ OF 9% = Alal™t. (3.13)

T~ 9.1 1
8wjk 6zj8wjk

The basic equations for backpropagation Egs. (3.10), (3.11), (3.12), and (3.13) define the four backprop-
agation equations relating the gradients of the activations of various neurons aé-, the weighted inputs
zé =Y wé- kafl + bé, and the errors Ag-. These equations can be combined into a simple, computation-
ally efficient algorithm to calculate the gradient with respect to all parameters [199]. In summary, the

algorithm works as follows:

1. Activation at input layer: Calculate the activations a} of all the neurons in the input layer.

2. Feedforward: Starting with the first layer, exploit the feedforward architecture through Eq. (3.7)

to compute z' and a' for each subsequent layer.

3. Error at top layer: Calculate the error of the top layer using Eq. (3.10). This requires knowing

the expression for the derivative of both the cost function F(w) = E(a’) and the activation function

o(z).
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4. Back-propagate the error: Use Eq. (3.12) to propagate the error backwards and calculate Aé

for all layers.

5. Calculate gradient: Use Egs. (3.11) and (3.13) to calculate E /b’ and 6E/6w§-k.

The name “back-propagation” is derived from the algorithm’s process: a forward pass from the bottom
layer to the top layer calculates the weighted inputs and activations of all neurons. The error is then back-
propagated from the top layer to the input layer, using these errors to calculate the desired gradients.
Computational efficiency is crucial since it is necessary to calculate the gradient with respect to all
parameters of the neural network at each step of gradient descent. These principles underlie most

modern automatic differentiation packages such as Autograd like PyTorch [193].

3.1.4.1 Potential Issues with Back-propagation

Equipped with back-propagation and gradient descent, the training of neural networks may initially
appear straightforward. However, back-propagation combined with gradient descent on large networks is
extremely computationally expensive. Advances in computational hardware, particularly the widespread
use of GPUs, have mitigated this issue, making it less complex than it was a decade ago. On a more
technical note, a prevalent issue in deep networks is the problem of vanishing or exploding gradients.
This issue is especially pronounced in neural networks designed to capture long-range dependencies, such
as Recurrent Neural Networks (RNNs) for sequential data. To illustrate this problem, consider a simple
network with a single neuron in each layer and assume all weights are equal, denoted by w. The behavior
of the back-propagation equations for such a network can be inferred by repeatedly applying Eq. (3.12):
L—1
AL = AL T w'o'(z)) = Ak ()70 (2)), (3.14)
j=0
where AJL is the error in the L-th topmost layer, and (w’)” represents the weight raised to the power L.
Assuming the magnitude of o’(z;) is fairly constant and approximating o’(z;) =~ ¢’, it is evident that for
large L, the error Aé— exhibits significantly different behavior depending on the value of w'c’. If w'c’ > 1,
the errors and gradients escalate. Conversely, if w'o’ < 1, the errors and gradients diminish. Only when

the weights satisfy w’o’ ~ 1 and the neurons are not saturated will the gradient remain stable for deep

networks.

This fundamental behavior persists even in more complex networks. Rather than considering a single
weight, it is essential to examine the eigenvalues (or singular values) of the weight matrices wé x- Toensure
gradients remain finite in deep networks, these eigenvalues must stay near unity after many gradient
descent steps. In modern feed-forward and ReLU neural networks, this is achieved by initializing the
weights such that the gradient does not vanish or explode. Employing non-linearities that do not saturate,
such as ReLUs (noting that for saturating functions, ¢’ — 0, causing the gradient to vanish), is another

effective strategy. Proper initialization and regularization methods, such as gradient clipping (limiting
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the magnitude of gradients) and batch normalization, also help mitigate the vanishing and exploding

gradient problem.

3.1.5 Regularizing Neural Networks and Other Practical Considerations

DNNs, like all supervised learning algorithms, must navigate the bias-variance trade-off [201]. Regu-
larization techniques play a significant role in ensuring that DNNs generalize well to new data. The
past ten years have seen a proliferation of specialized regularization techniques for DNNs beyond the
simple L; and Lo penalties [202]. Techniques such as Dropout and Batch Normalization have become
prevalent. In addition to these, large DNNs benefit from implicit regularization that naturally occurs
in Stochastic Gradient Descent (SGD) [203]. The inherent stochasticity and local nature of SGD often
prevent over-fitting on spurious correlations in training data, particularly when combined with methods

like Early Stopping. This section provides a brief overview of these regularization techniques.

3.1.5.1 Stochastic Gradient Descent (SGD) with Mini-batches

One of the most widely-applied variants of the gradient descent algorithm is stochastic gradient descent
(SGD) [204, 205]. Unlike ordinary gradient descent, the SGD algorithm is stochastic, incorporating
stochasticity by approximating the gradient on a subset of the data, known as a minibatch. The size
of the minibatches is typically much smaller than the total number of data points n, with common
minibatch sizes ranging from ten to a few hundred data points. Given n points in total, and a minibatch
size M, there will be n/M minibatches. Denote these minibatches by By where k = 1,...,n/M. Thus,

in SGD, at each gradient descent step, the gradient is approximated using a single minibatch By:

VoE() =Y Voei(xi,0) = Y Voei(x;,0). (3.15)
i=1 i€ By
All k = 1,...,n/M minibatches are cycled through one at a time, using the minibatch approximation

to update the parameters 6 at each step k. A full iteration over all n data points, utilizing all n/M
minibatches, is called an epoch. For notational convenience, the minibatch approximation to the gradient
is denoted by

VoEME(0) = Y Viei(w;,0). (3.16)

1€ By,

Using this notation, the SGD algorithm can be expressed as:
vy = VoEMP(0), 6i11=6; — vy (3.17)

In SGD, the actual gradient over the full data at each gradient descent step is replaced by an approxima-
tion using a minibatch. This approach provides two significant benefits: introducing stochasticity reduces
the likelihood of the fitting algorithm becoming trapped in isolated local minima, and it substantially

speeds up the calculation by eliminating the need to use all n data points to approximate the gradient.
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Empirical and theoretical research indicates that SGD offers additional advantages, such as acting as a

natural regularizer that mitigates over-fitting in deep, isolated minima [206, 207].

3.1.5.2 Adding Momentum

In practice, Stochastic Gradient Descent (SGD) often includes a “momentum” or inertia term that retains

the memory of the direction in parameter space. This is typically implemented as follows:

v = Y01 + VoL (0y)
0t+1 = Ot — V¢, (318)

where the momentum parameter v (with 0 < v < 1) is introduced. The notation indicating that the
gradient is taken over a different mini-batch at each step is omitted for brevity. This method, known
as gradient descent with momentum (GDM), reveals that v; represents a running average of recently
encountered gradients, and (1 — ~)~! defines the characteristic time scale for the memory used in the
averaging procedure. When v = 0, this reduces to ordinary SGD as described in Eq. (3.17). An

equivalent way of expressing the updates is

A0t+1 = ’YAHt - mVeE(Gt), (319)

with Af; = 0; —0;_1. Momentum-based methods were first introduced in early, largely overlooked Soviet
research [208]. To provide intuition, consider a physical analogy with a particle of mass m moving in a
viscous medium with damping coefficient 1 and potential E(w) [209]. If w denotes the particle’s position,

its motion is governed by

d*w dw
halihad = _V,E(w). 3.20
m—z t o = ~VuB(w) (3.20)
Discretization of this equation yields
Wit AL — 2We + WAt Wit AL — Wy
= —V,E(w). 3.21
Rearranging gives
(At)? m
A =————V,E ——— Awy. 3.22
Wirar =~ Ay Ve E(w) + e A (3.22)

This equation is identical to Eq. (3.19) if the particle’s position w is identified with the parameters 6.
This identification allows the momentum parameter and learning rate to be expressed in terms of the
particle’s mass and viscous damping as

m (At)?

_ — :7‘ 3.23
K m+ pAt’ K m + uAt (3.23)

Thus, the momentum parameter is proportional to the particle’s mass, providing inertia. In the high-

viscosity /small learning rate limit, the memory time scales as (1 — ) ™! ~ m/(uAt).
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Momentum in SGD helps the gradient descent algorithm accelerate in directions with persistent but small
gradients, while suppressing oscillations in high-curvature directions. This is crucial when the landscape is
shallow and flat in some directions and narrow and steep in others. First-order methods, with appropriate
initial conditions, can perform comparably to more expensive second-order methods, especially in complex
deep learning models [210]. Empirical studies indicate that incorporating momentum is particularly
beneficial during the initial “transient phase” of training. Enhancements like Nesterov Accelerated
Gradient (NAG) [208, 210] further improve momentum’s effectiveness by calculating the gradient at the

expected value of the parameters given the current momentum. The NAG update rule is

vy = Y1 + Vo E (0 +yvi_1)
0t+1 = 0,5 — V. (324)

NAG allows for a larger learning rate compared to GDM for the same choice of . Other alternative

optimization schemes include:

e Adagrad. In the stochastic gradient descent and momentum methods, all parameters are updated
with the same learning rate. However, using a different learning rate for each parameter can
accelerate convergence. Based on this concept, Adagrad [211] introduces a technique where the
learning rate is adjusted using the magnitude of the gradients of each parameter. The parameters

are updated as follows:

Uy = VE(Gt), (325)

t+1 t /7(2) . ®© vt ) ( )

where € is a small value to avoid division by zero, and ® is the Hadamard product. The j-th

component of G is defined as:

G =" (w2 (3.27)

k<i

e RMSProp. RMSProp [212] is another optimizer that uses an adaptive learning rate. The update

equations are as follows

gt = VE(0), (3.28)
v = PBug_1+ (1= B)g: © ge, (3.29)

Orp1=10; — © gt- (3.30)

n
VUt + €
The parameter S is a decay rate, commonly set around 0.9, controlling the contribution of past

gradients to the learning rate.
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e Adam. Is one of the most popular algorithms due to its stability. It combines ideas from both the

momentum and RMSProp methods [213]. The updating equations are

gt = VE(b, (3.31)

my = Prme—1 + (1 — B1)ge, (3.32)

v = Bovi—1 + (1 — B2)g: © gy, (3.33)

fhy = —2 (3.34)
1-pi

0= b, (3.35)
1—55

9t+1 == Gt - L @ mt. (336)

\/@t-f—ﬁ

The values m; and v; are estimates of the first and second moments. m; and 0; are bias-corrected
first and second moment estimates. The authors suggest default parameters as 5; = 0.9, 52 = 0.999,

and € = 1078,

3.1.5.3 Dropout

Another significant regularization method widely adopted in neural network literature is Dropout [214].
The primary purpose of Dropout is to prevent over-fitting by reducing spurious correlations between
neurons within the network. Dropout circumvents these issues by randomly dropping out neurons (along
with their connections) from the neural network during each training step. Typically, in each mini-batch
of the gradient descent step, a neuron is dropped from the network with a probability p. The gradient
descent step is then performed only on the weights of the “thinned” network of individual predictors.
During training, on average, weights are only present for a fraction p of the time. Predictions are made
by re-weighting the weights by p: wWiest = pWirain. The learned weights can be viewed as an “average”

weight over all possible thinned neural networks.

3.1.5.4 Batch Normalization

The fundamental idea behind Batch Normalization is the long-recognized observation that training in
neural networks is most effective when inputs are centered around zero with respect to their mean. This
prevents neurons from saturating and gradients from vanishing in deep networks [215]. Without such
centering, parameter changes in lower layers can propagate to higher layers, causing saturation effects

and vanishing gradients.

Batch Normalization introduces additional “BatchNorm” layers that standardize inputs by the mean
and variance of the mini-batch. Consider a layer | with d neurons whose inputs are (2!,...,z}). Each

dimension is standardized so that:

2 — gt = Tk (3.37)
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where the mean and variance are computed over all samples in the mini-batch. However, this procedure
might alter the representational power of the neural network, particularly for non-linearities like tanh,
which could force the network to operate in the linear regime around z = 0. Since non-linearities are
vital for the representational capacity of DNNs, this could significantly impact their performance. To
mitigate this, Batch Normalization introduces two new parameters %lf and 5;2 for each neuron, allowing

the model to adjust the mean and variance:
51 R Y ! 3.38
Zp = 2k = Meik + i (3.38)

These additional parameters are learned just like weights and biases using back-propagation. Initially,
during training, the inputs are standardized, and back-propagation adjusts v and . In practice, Batch

Normalization significantly improves learning speed by preventing gradient vanishing.

3.2 Convolutional Neural Networks (CNNs)

An important realization in Physics is the exploitation of symmetries and invariances when analyzing
complex physical systems. Properties such as locality and translational invariance are often embedded
directly into physical laws. Statistical physics models frequently incorporate all known information
about the physical system under analysis. For instance, in many cases, it is sufficient to consider only
local couplings in Hamiltonians or to work directly in momentum space if the system is translationally
invariant. Tailoring analysis to exploit additional structure is a fundamental aspect of modern physical

theories, from general relativity to gauge theories to critical phenomena.

Similarly, many datasets and supervised learning tasks in machine learning exhibit additional symmetries
and structure. Consider a supervised learning task aimed at labeling images from a dataset as either
containing cats or not. The statistical procedure must first learn features associated with cats. Given
that a cat is a physical object, it is known that these features are likely to be local (groups of neighboring
pixels in the two-dimensional image corresponding to tails, eyes, etc.). The location of these features
within the image is less relevant, though their relative positions may matter, indicating translational

invariance inherent to the supervised learning task.

The architecture previously discussed does not include nor consider this symmetry structure. For ex-
ample, in the case of the digit four’ from the MNIST dataset [216], the 28 x 28 image is treated as a
one-dimensional vector of size 282 = 796, discarding much of the spatial information. Recognizing this
limitation, the neural network community developed convolutional neural networks (CNNs) that lever-
age this additional structure (locality and translational invariance) [217]. Interestingly, from a physics
perspective, recent findings indicate that these CNN architectures are closely related to models such
as tensor networks [218] and, specifically, MERA-like architectures used in quantum condensed matter

systems [219].
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3.2.1 CNNs Architecture

In contrast to regular neural networks, the layers of CNNs have neurons arranged in a few dimensions:
channels, width, height, and number of filters in the simplest 2D case. A CNN consists, of a sequence
of layers, where every layer transforms the activations or outputs of the previous layer through another
differentiable function. There are several such layers employed in CNNs, however, the most common
building blocks which you will encounter in most CNN architectures are: the convolution layer, pooling
layer, and fully connected layers. In essence, these layers are like feature extractors, dimensionality reduc-
tion and classification layers, respectively. These layers of a CNN are stacked to form a full convolutional

layer.

Essentially, a convolution layer uses a convolutional kernel as a filter for the input. Usually, there are
many of such filters. During a forward pass, a filter slides across the input volume and computes the
activation map of the filter at that point by computing the point-wise product of each value and adding
these to obtain the activation at the point. Such a sliding filter is naturally implemented by a convolution

and, as this is a linear operator, it can be written as a dot-product for efficient implementation.

3.2.1.1 Convolutions

Mathematically, the convolution (x * w)(a) of functions # and w is defined in all dimensions as

(x*w)(a) = /x(t)w(a —t)dt, (3.39)

where a is in R™ for any n > 1, and the integral is replaced by its higher-dimensional variant. To
understand the idea behind convolutions, consider the Gaussian function w(a) = exp(—a?) as an example.
If a photo is taken with a camera and the camera is slightly shaken, the blurry picture would be the real
picture z convolved with a Gaussian function w. In the terminology of convolutional neural networks,
x is called the input, w is called the filter or kernel, and the output is often referred to as activation
or feature map. Note that in Eq. (3.39), the input and kernel are modeled as continuous functions.
Due to the discrete nature of image sensors, in practice a discretized version is used. Then the discrete

convolution can be defined as

(z+w)(a) =Y z(t)w(t - a), (3.40)

t
where a runs over all values in space and can be in any dimension. In deep learning, usually z is a
multidimensional array of data and the kernel w involves learnable parameters and typically has finite
support, meaning there are only finitely many values a for which w(a) is nonzero. This allows Eq. (3.40)
to be implemented as a finite summation. The definition of (3.40) is independent of dimension, but in

general, 2- or 3-dimensional convolutions are mainly used:

(I K)@ij) =Dy I(mn)K(i —m,j—n), (3.41)
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or

(I« K)(i,j, k)= ZZZI(m,n,K)K(i—m,j —n,k—1). (3.42)

m n YA

The convolutions (3.39) and (3.40) are commutative, meaning I « K = K % I, so (3.41) can be written as
(I K)(i,j)=> > I(i—m,j—n)K(m,n). (20.14)

As K has finite support, this a priori infinite sum becomes finite. Some neural network libraries also
implement an operation called cross-correlation, but from a deep learning perspective, these operations

are equivalent, as one weight set can be directly translated into the other.

As a convolution is a linear transformation, it can be written in the form of w -z + b and thus as a fully
connected layer. However, the kernels are often much smaller than the input, and only a small number of
inputs will interact with the output (the so-called receptive field), resulting in a sparse weight tensor w.
Additionally, the weight tensor will contain many similar elements because the kernel is applied to every
location in the input. This effect, referred to as weight sharing, along with the sparsity, implies that
fewer parameters need to be stored, improving both memory requirements and statistical efficiency while
placing a prior on the weights. It is implicitly assumed that a filter, such as an edge filter, is relevant to

every part of the image and that most interactions between pixels are local.

Significant research has been conducted into adapting convolutions and imposing new strong priors, such
as the group convolution [220], which enforces a certain symmetry group to hold for the image. In addition
to sparsity and weight sharing, convolutions impose another prior on the kernel weights in the form of
translation equivariance. Translation (or shifting) of the convolution implies that applying a translation
to the image and then applying convolutions yields the same result as first applying the convolution and
then translating the feature map. More specifically, an operator T is said to be equivariant with respect
to f if for each x it holds that T'(f(x)) = f(T(x)). Translation equivariance is a sensible assumption for
images, as the features to detect an object in the image should only depend on the object itself and not

on its precise location.

3.2.1.2 Pooling Layers

The goal of a pooling layer is to produce a summary statistic of its input and to reduce the spatial
dimensions of the feature map while retaining essential information. Max pooling layers report the
maximal values in each rectangular neighborhood of each point (¢,7) (or (¢,7, k) for 3D data) of each
input feature, whereas average pooling layers report the average values. The most common form of max
pooling uses stride 2 with kernel size 2, which partitions the feature map into a regular grid of square or

cubic blocks with side 2 and computes the max or average over such blocks for each input feature.

While pooling operations are common building blocks of CNNs aiming to reduce the feature map’s spatial
dimension, it is noteworthy that a similar goal can be achieved using 3 x 3 convolutions with stride 2

for 2D data. In this case, doubling the number of filters can simultaneously reduce information loss
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while aggregating higher-level features. This down-sampling strategy is employed in architectures such

as ResNet [191].

3.2.1.3 Fully Connected Layers

A fully connected layer with n input dimensions and m output dimensions is defined as follows. The
layer output is determined by the weight matrix W € R™*"  which has m rows and n columns, and
the bias vector b € R™. Given input vector z € R", the output of a fully-connected layer (FC) with

activation function f is defined as
FC(z) := f(Wz +b) e R™. (3.43)

Here, the function f is applied component-wise. Fully connected layers are typically used as final layers
in classification problems, where one or two fully-connected layers are attached on top of a CNN. For
this, the CNN output is flattened and treated as a single vector. Another example is various autoencoder
architectures, where FC layers are often attached to the latent code in both encoder and decoder paths of
the network. When working with CNNs, it is helpful to recognize that for a feature map with n channels,
a convolution filter with kernel size 1 and m output channels can be applied, equivalent to applying a

fully connected layer with m outputs to each point in the feature map.

3.2.2 Pre-trained CNNs and Transfer Learning

The significant success of CNNs in image recognition has led to the training of extensive networks on
vast datasets by large industrial research teams from companies such as Google, Microsoft, and Amazon.
Notable models include AlexNet [190], GoogLeNet [221], ResNet [191], InceptionNet [222], and VGGNet
[223]. Most researchers and practitioners lack the resources, data, or time to train networks on this scale.
Fortunately, pre-trained models have been made available in standard packages like the Torch Vision
library in Pytorch [193] or the Caffe framework [224]. These models can be directly used as a basis for

fine-tuning in various supervised image recognition tasks through transfer learning.

Transfer learning operates on the principle that the filters (receptive fields) learned by the convolution
layers of these networks are informative for most image recognition-based tasks, beyond their initial
training purposes. Given that images reflect the natural world, the filters learned by these CNNs are
expected to be transferable to new tasks with minor modifications and fine-tuning. This approach has
proven effective for numerous tasks. There are three primary methods for repurposing a pre-trained

CNN for a new task:

e Using CNN as a Fized Feature Detector at the Top Layer. When the new dataset is small and similar
to the original dataset, the CNN can be employed as a fixed feature detector while retraining the

classifier. This involves removing the classifier (soft-max) layer at the top of the CNN and replacing
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it with a new classifier relevant to the supervised learning problem. In this configuration, the CNN

acts as a fixed map from images to relevant features.

e Using CNN as a Fixed Feature Detector at an Intermediate Layer. For datasets that are small and
significantly different from the original training dataset, the features at the top level may not be
suitable. In such cases, features from intermediate layers of the CNN can be used to train the new
classifier. These intermediate features are generally less fine-tuned and more universal (e.g., edge
detectors). This approach is based on the principle that CNNs learn progressively complex features

at deeper network layers (refer to the section on representational learning).

e Fine-tuning the CNN. For large datasets, in addition to replacing and retraining the classifier in
the top layer, it is possible to fine-tune the weights of the original CNN using back-propagation.
During this process, some weights in the CNN may be frozen, or all weights can be retrained

simultaneously.

These procedures can be easily executed using packages like Caffe [224] or the Torch Vision library in

PyTorch[193].



Chapter 4

CW detection based on a Transfer

Learning approach

4.1 Introduction

Continuous gravitational waves (CWs) are a distinct class of Gravitational Wave (GW) signals charac-
terized by the continuous emission of ripples in the fabric of spacetime. These waves are generated by the
asymmetric rotation of rapidly spinning neutron stars and pulsars [225]. As these entities spin, their non-
spherical configurations induce periodic oscillations in the surrounding spacetime, giving rise to waves
possessing a quasi-monochromatic frequency [226]. This frequency remains approximately constant, as
long as the rotational dynamics of the object remains stable. Unlike transient GW events originating
from compact binary mergers [227-231], which manifest as brief bursts, CWs are a class of GWs that

endure over extended periods of time lasting weeks, months or even years [232].

The pursuit of the detection of CWs is primarily driven by the enduring mystery surrounding the pulsar
population in our Galaxy. Electromagnetic observations reveal only a few thousand pulsars [233], yet
stellar evolution models suggest the existence of over 10% compact objects in our vicinity [234]. A signif-
icant fraction of these are hypothesized to spin at frequencies between 10 and 1000 Hz, positioning them
within the sensitivity band of the second-generation GW detectors. As the sensitivity of these ground-
based interferometers improves with each generation [235], the opportunity to detect CWs emitted within
our Galaxy becomes increasingly feasible. Nonetheless, the exceedingly low amplitudes of these signals
pose substantial challenges [132] for their detection and analysis, rendering them highly susceptible to
noisy data [236]. Usually, to increase the signal-to-noise ratio (SNR), it is necessary to integrate as much
data as possible. This involves employing coherent search methods that integrate signal templates across
the entire time-span of the dataset. This approach needs the formulation of a precise model, applying
it to the data, and calculating a detection statistic through a huge number of templates. However, the
immense computational demand [237] often renders these full-scale match filtering searches impractical.

Instead, we turn to semicoherent search methods that analyze shorter segments coherently and combine
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their results in an incoherent way. Given the constraints of a fixed computing budget, these semicoherent

methods frequently offer greater sensitivity than their fully-coherent counterparts [238].

In recent years, Deep Learning (DL) techniques have emerged as a powerful alternative for addressing
similar complexities [239]. Such approach uses artificial neural networks with multiple layers to auto-
matically learn and extract intricate patterns and representations from complex datasets. In particular,
Convolutional Neural Networks (CNNs) are designed for processing grid-like data (such as images or
spectrograms) to automatically learn and extract spatially local features, capturing important patterns
and structures [240]. One of the key advantages of DL is its ability to learn feature representations from
raw data, reducing the need for manual feature engineering and allowing the model to discover complex

and non-linear relationships.

In the context of GW physics, CNNs have found diverse applications [241], including parameter estimation
of transient signals [242, 243], signal denoising [244], waveform modeling [245, 246], and the detection and
classification of glitch noises [247, 248] to name a few. Specifically for CW analysis, DL shows promise in
enhancing search sensitivity and efficiency. Dreissigacker and Prix [249] demonstrated the effectiveness
of a noise-versus-signal classifier using the InceptionResNet-v2 architecture [250], which processes strain
data from two detectors. Their model performs well over data spans of 7' = 10° s compared to traditional
match-filtered sensitivities. However, the performance is significantly reduced in the presence of non-
Gaussian disturbances, also known as instrumental lines. Addressing this, Bayley et al. [251] developed
a CNN classifier that integrates with the SOAP algorithm [252] to mitigate the impact of these lines
present in only one detector. It was shown that this approach increases the robustness of the SOAP
searches. Joshi and Prix [253] identified a mismatch between typical state-of-the-art image-classification
CNN architectures and the morphology of CW signals. Thus proposing a tailored CNN that preserves the
information of input spectrograms, achieving match-filtering sensitivity for targeted CW searches over
ten days, though they noted the need for research into longer-duration analyses. Modafferi et al. [254]
in an innovative approach, explored using CNNs together with partially computed coherent match-filter
F-statistic atoms for analyzing GWs from glitching pulsars. This method approaches the efficiency of
traditional detection statistics within 10% at a fixed false-alarm probability and shows potential for

adaptation to CW searches through minor modifications to the window function.

All of the aforementioned studies have something in common, they developed their Deep Neural Net-
works (DNNs) from the ground up. In contrast, we propose the use of state-of-the-art, extensively
pretrained CNNs, adapting them via Deep Transfer Learning. This method involves repurposing the
knowledge obtained from different tasks and datasets to reduce learning costs. Typically, an untrained
network begins with randomly initialized weights, which are gradually optimized during a costly train-
ing process. However, evidence [255] supports that starting with weights from a pretrained network
can improve training efficiency over random initialization. This is particularly true for well-established
image-recognition networks like ResNet and Inception, whose deep CNNs, trained on real-world images,
possess features directly transferable [256] to the classification of spectrograms obtained from GW time

series. For this study, we choose ResNeXt-50 [257] for three key reasons: its inherent robustness against
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overfitting through shortcut connections, superior generalization capabilities relative to predecessors, and

a modular architecture that is well suited to accommodate transfer learning tasks.

In this work, we explore the use of transfer learning to develop a binary classifier capable of detecting CW
signals immersed in Gaussian and real detector noise with time gaps. We first develop a CNN capable
of efficiently detecting CW signals over short observation periods and then evaluate its generalization
to spectrograms corresponding to longer observation periods. The network is trained using curriculum

learning, starting with the open-source pretrained weights of ResNeXt-50 [257].

This chapter is organized as follows. In Sec. 4.2, we provide a brief overview of the conventional neutron
star emission model. Section 4.3 discusses the definitions of our performance measurements. In Sec. 4.4,
we present our transfer learning approach and describe the network architecture. Finally, in Sec. 4.5,
we characterize the performance of the model and discuss the results for both short observation periods
and their generalization to longer periods. Section ?? covers our conclusions and outlines directions for

future work.

4.2 Continuous Waves

The strain waveform of CWs originated from an isolated, rotating rigid triaxial ellipsoid (conventional

model for a GW-emitting neutron star) can be expressed as [258]

WD) = it by T

+ Fy (t,1)ho cos(e) sin(P(¢)), (4.1)

cos(P(t))

where ¢ is the angle between the star’s spin direction and the propagation direction k (pointing towards
the Earth), F. and Fy are the detector antenna pattern response factors (See Ref. [259]) to the + and
X polarizations, respectively, which vary with the detector’s orientation, the source’s location, and the
polarization angle 1. Here, ®(t) is the phase of the signal (see Appendix B.1 for more detail) that can
be Taylor-expanded as

s Tkt
O(r) ~ g + 27 kz_:ofé’:)mv (4.2)

where 7 is the proper time in the neutron star rest frame. This expansion models the CWs as long-lasting,
quasi-monochromatic waves with a slowly varying instantaneous frequency, that by virtue of Eq. (4.2),
can be written as

foo 1 do(r) _ Zfr(llsc)%]: (4.3)

T or dr
k=0

While initially one might expect the signal from a rapidly spinning neutron star to appear as a distinct
spike at its nominal frequency in the discrete Fourier transform (DFT) of the data, several complexities
arise. Given the signal’s expected weakness relative to the noise floor, a matched-filtered detection would
require a sufficiently long integration time. Hence, for example, if we take Tcon, ~ 1 month, the first

derivative of the frequency, f , would need to satisfy f < 107!2 Hz/s to maintain the signal within the
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same DFT frequency-bin. However, in practice, Doppler modulation from Earth’s motion—typically
around 10~% Hz/s—and usually larger f values complicate this. For sources with unknown frequency
evolution, accounting for these variations significantly increases the computational demands for searching
across the parameter space, the so-called amplitude parameters (ho, ¥, ¢o,cost) and the phase-evolution
parameters («, 6, f, fof.... ). To better understand these costs, CW searches are categorized [225] into:
i) Targeted searches in which the star’s position and rotation frequency are known from X-ray and
~-ray observations, rendering the phase-evolution parameters known, ii) directed searches for which «
and § are known but the parameters governing the frequency evolution are unknown and iii) All-sky
searches for unknown neutron stars. The greater the a priori knowledge of source parameters, the more

computationally feasible it is to integrate the data coherently for longer time periods.

4.3 Performance Measurements

4.3.1 Benchmark definitions

The sensitivity of a CW search is often described by the upper-limit amplitude hf?* which is the threshold
amplitude where the search attains a specified detection probability pget (commonly set at 90% or 95%) at
a false-alarm level pg,. This upper-limit amplitude hg characterizes a population of signals with unknown
amplitude parameters. It represents the maximum amplitude below which signals remain undetectable
due to the noise characteristics of the detector, defined by the noise spectral density S,, (a single-sided
power spectrum across the frequency band and harmonic mean over time and across multiple detectors).
Historically, to better reflect the search-sensitivity independence of the noise level S,,, sensitivity is often

expressed by the sensitivity depth as

VS

Pdet *
hO

Dpdet — (4.4)

Since a smaller h{?* implies a more sensitive search, D increases with search sensitivity. By normalizing
the sensitivity to the noise power spectrum of the detector, D quantifies the performance contribution

of the CW search algorithm to the overall search sensitivity. It is common to use the sensitivity depth

DQO% hgo%

, corresponding to an upper-limit amplitude , for which a search would achieve a detection

probability of pget = 90% at a false-alarm level of 1%. Additionally, the optimal SNR is defined as
R (HR(f)
2
pe = 4R/ — 2 df, (4.5)
2R ) S

which integrates the ratio of the signal’s power to the noise spectral density across all frequencies,
summing across all detectors X. Analogous to the concept of DPdet we can define the network SNR
for which a search would attain a detection probability pget = 90% at pr, = 1% as SNR%. All of the
efficiency curves displayed in this study are based on a false-alarm probability of 1%, which establishes

our detection threshold. This threshold is the value of the detection statistic exceeded by only 1% of

a large set of noise-only samples. Within the framework of binary-classification, efficiency is defined as
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the ratio of the number of the relevant retrieved instances to the number of all relevant instances:

TP

eﬁ:icienCy = m7

(4.6)

where TP is the number of true positive detections and FN denotes the number of false negatives.
This metric essentially measures how effectively a search algorithm can identify signals, minimizing the

instances of missed detections.

4.3.2 SOAP CW

The most extensively studied search algorithms, such as the F-statistic method, depend on a predeter-
mined CW model. The parameters of this model are searched and “matched” to an optimal filter that
determines whether the data contains a signal. In contrast, other methods do not rely on a predefined
model. Instead, they treat the CW signal frequency evolution as a randomly-wandering path across
the time-frequency domain. One notable example is the Viterbi algorithm, which is based on a Hid-
den Markov Model, that searches for the path that yields the highest cumulative fast Fourier transform

power [260]. The final result is the most likely signal trajectory through the spectrogram plane.

A variation of this algorithm, known as SOAP, enhances the basic Viterbi approach by incorporating a
post-processing stage that uses a CNN to increase robustness against spectral artifacts. This adaptation
is intended to be a general-purpose tool optimized for rapid computation. Bayley et al. [251] explored
various input data formats and network architectures, finding that employing a CNN to analyze the
Viterbi map offers a reasonable balance between simplicity and performance. Given the incorporation of
a CNN for final predictions, the SOAP CW pipeline provides a valuable benchmark for evaluating the

network developed in our study.

4.4  Transfer Learning for Continuous Waves

Transfer learning streamlines the training process by initially pre-training a DNN on a broad, labeled
dataset, then fine-tuning it on a more focused dataset of interest. This strategy, particularly prevalent
in computer vision tasks [261], leverages the understanding that a CNN’s initial layers capture generic
features like curves or edges [262]. The final layers, however, learn complex, data-specific characteristics.
By reusing a model that has already been trained on a large, diverse dataset and adjusting it for a new,

specific one, transfer learning can achieve both higher accuracy and quicker training times.

In this study, we develop two different CNNs: Gauss ResNeXt, for which we employ simulated Gaussian
noise to create a controlled training environment that allows the network to learn the basic patterns
and anomalies associated with these conditions and O3 ResNeXt, trained on real detector data, which
introduces the complexities and variabilities of actual noise artifacts, such as glitches and non-Gaussian

features, providing a more realistic training scenario. In the following sections, we detail the input
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FIGURE 4.1: An example of the input spectrograms used for training the modified ResNeXt CNN. The

top panels show the real part, imaginary part, and amplitude of the power spectrograms for data from

the H1 detector. The bottom panels show the corresponding spectrograms for the L1 detector. The

modified ResNeXt CNN employs a dual-branch architecture, with one branch processing data from the

H1 detector and the other processing data from the L1 detector. These spectrograms are stacked along
the RGB channels before being fed into the network.

data, architecture, data generation, and training procedures for these models. The input data section
discusses the specifics of the spectrograms used, including their dimensions and pre-processing steps.
The architecture section provides an in-depth look at the ResNeXt-50 framework and the modifications
made to suit our purposes. The data generation section describes how we simulate signals and inject
them into both Gaussian and real detector noise. Finally, the training procedures section outlines the
curriculum learning strategy, hyperparameter tuning, and optimization techniques employed to fine-tune

the models.

4.4.1 Input data

Following the methodologies outlined in Refs. [249, 253], we adopt a time-frequency data representation
to accommodate the long duration and well-defined frequency of CWs. This involves segmenting the
detector’s strain data into 1800-second intervals and performing Fourier transform on each segment.
Given that ResNeXt-50 is optimized for 224 x 224 pixel RGB images, we adapt our spectrogram data
accordingly: the real and imaginary parts of the Fourier transform, along with the amplitude, are mapped
to the three channels traditionally used for RGB color values. The dimensions of our spectrograms
are tailored to the input requirements of ResNeXt-50, with 224 data points in the time axis covering

approximately 224 x 1800 s ~ 4.66 days and 224 points in the frequency axis, equating to a bandwidth



Deep Learning 86

TABLE 4.1: The signal parameters were randomly sampled between these lower and upper limits. Here,
we consider one single value for the frequency derivative and a fixed bandwidth size as described in

Sec. 4.4.1.
« [rad] 0 [rad] f [Hz| cost ¢ [rad] ¥ [rad]
Lower limit 0 —m/2 20 -1 0 0
Upper limit 27 /2 1000 1 27 /2
f=—10"2 [Hz/s] band width = 124 mHz

of roughly 224 x (1/1800) Hz ~ 0.124 Hz. For the purposes of this study, we refer to this standard
spectrogram size as individual cells. To address the challenge of instrumental lines, as suggested by
Ref. [251], data from both the LIGO Hanford (H1) and LIGO Livingston (L1) detectors are considered.
As explained in more detail in Sec. 4.4.2, we employ a binary-classifier network for each detector to
distinguish between “signal” and “noise” classes, later integrating the outputs of their respective final
layers into a unified fusion layer for the conclusive classification task, in turn assembling two networks
for a final decision. An example of a typical input spectrogram from both detectors can be found in

Fig. 4.1.

4.4.2 Network architecture

In a recent study involving CNNs applied to the detection of CWs using spectrogram data, it has been
noted that conventional convolution operations can lead to information loss [253]. This loss is primarily
due to downsampling and the transformation of features across layers, which can result in the loss of
critical fine-grained details. This issue is well-documented in computer vision, inspiring the development
of residual connections [263, 264]. Also known as shortcut connections, they perform identity mapping by
directly passing the input of a layer to its output. This mechanism ensures that the original information
is preserved and available at deeper layers, hence addressing the potential loss caused by convolutional
operations. By allowing earlier features to be reused in later layers, residual connections ensure that
essential information, which might be diluted or transformed unfavorably by successive convolutions, is
retained and can contribute to the final representation. This feature is a key component of the ResNeXt

architecture and is the main reason for selecting this particular network for our study.

For our analysis, we developed a two-stage network architecture. It comprises 1) two adapted ResNeXt-
50 models processing H1 and L1 detector spectrograms, respectively, and 2) a fusion layer that integrates
the classifiers’ outputs into a unified final prediction, serving as a detection statistic. The structure of the
network is shown in Fig. 4.2. The networks were implemented in PyTorch 2.0 [265], which incorporates
a new model compilation feature for faster training and inference. The training was conducted on a 16

GB NVIDIA Tesla V100 GPU.
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FIGURE 4.2: (Left) ResNeXt-50 with a 32 x 4d architecture and our modified version. Inside the
brackets we find the shape of a residual block, and the value outside the brackets represent the number
of stacked blocks. C' = 32 denotes grouped convolutions with 32 groups. The main difference between
the original and the modified network lies in the final fully-connected layer that has been replaced for
a customized one. The parameters of the 4th convolutional layer are allowed to be updated during
training while the rest of the parameters remain frozen. (Right) Structure of the ensemble network.
(Stage 1) The modified ResNeXt-50 units take the spectrograms from the H1 and L1 detectors as
inputs. Their outputs are then combined in a Fusion layer (Stage 2) that gives the final prediction of
the entire combined network.

4.4.2.1 Modified ResNeXt-50

The initial stage makes use of a custom DL classifier based on the resnext50_32x4d architecture. It
initializes with the pretrained open-source weights learned from the ImageNet-1K dataset. To adjust
the network to our specific classification task, we enable parameter updates for the fourth convolutional
layer during training to refine complex feature representations. Additionally, we replace the original
fully-connected output layer with a customized sequence of fully-connected layers that incorporate batch

normalization and dropout for regularization, ultimately producing two outputs for class prediction.

4.4.2.2 Fusion layer

To reduce the impact of instrumental lines, predictions from both H1 and L1-trained networks are merged.
The fusion layer first concatenates these inputs, then processes them through two dense layers equipped
with batch normalization and dropout, culminating in a final classification layer. This integration should
be able to introduce a level of redundancy and cross-validation between both data sources, making the

prediction more robust and accurate.

4.4.3 Data generation and preprocessing

This section elaborates on the methodology employed to generate training data for evaluating the per-

formance of networks trained solely on Gaussian noise versus those trained exclusively on real-detector
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data. A special emphasis is made in the incorporation of realistic time gaps to mimic actual operational
conditions. For Gaussian noise simulations, we analyzed the Data Quality flags of the 03a_16KHZ R1
channel taken from data spanning observation run O3a to construct an empirical probability distribution
of time-gap occurrences and durations. Conversely, for real detector data which inherently contains time
gaps, we utilized three months worth of observations from the O3 run. Then, we randomly extract 20
slices each spanning 4.66 days as the basis for our noise Short-time Fourier Transform (SFT) files covering
the frequency band from 20 to 1000 Hz. All the real detector data was retrieved from the Gravitational
Wave Open Science Center [266].

Simulated signals were generated using the PyFstat package [267, 268], with their parameters randomly
selected from predefined prior distributions (referenced in Table 4.1). The SNR calculations were per-
formed using the SignalToNoiseRatio.from_sfts function within PyFstat, that uses the definition of
optimal SNR as described in Ref. [269]. Subsequently, the amplitude hg of the CW is scaled accordingly
to achieve the desired SNR across the detector network. The PyFstat package takes care of the generation

of the right antenna pattern functions and the distribution of the power spectrum of the signal.

For effective training, a substantial volume of labeled data, categorized as either “signal” or “noise,”
is necessary. To add diversity to the dataset, each sample comprises various augmentations, namely
random rolling of spectrograms along the frequency axis and flipping along the time axis. Each network
undergoes training with 40,000 samples, evenly split between software-injected signals and pure noise. As
detailed in Sec. 4.4.4, the total number of samples are divided into 20 batches, each containing increasing

SNRs from 10 to 200.

4.4.4 Network training and validation

In this study, we employed a curriculum learning strategy [270, 271], taking the SNR as a measure of
difficulty, with values ranging from 30 to 200 in increments of 10. This method begins training with
“easy” high-SNR signals, using an implementation of an early-stopping mechanism to retain weights
yielding the lowest validation loss observed across the preceding 20 epochs. As the network progresses to
increasingly challenging signal batches, the fine-tuning of hyperparameters—including the initial learning
rate and dropout rates for the final dense layers in both the modified ResNeXt-50 and fusion layer—is
conducted. This optimization relies on the Optuna framework [272] to perform a grid search across 50
distinct hyperparameter combinations. Additionally, L2 regularization was applied, featuring a weight
decay factor of 1072, On average, the network was trained for approximately 40 epochs per batch. During
the training phase of our neural network models, we employed the Adam optimizer [273] for its efficient
computation and use of adaptive learning rates. For the loss function, cross-entropy loss [274] was chosen
due to its suitability for binary and multi-class classification tasks. It provides a direct measure of the

discrepancy between the predicted probabilities and the actual labels.

The training processes of Gauss ResNeXt and O3 ResNeXt is shown in Fig. 4.3. During the last phase of
training, distinct patterns emerged for models trained with Gaussian noise and real detector noise. For

Gauss ResNeXt, there was a significant increase in both training and validation losses, possibly indicating
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FIGURE 4.3: Training and validation loss of the trained networks.

model capacity limits when exposed to the most challenging examples. Conversely, the training of O3

ResNeXt is marked by considerable fluctuations throughout the process, which reflects the complexity and

variability of the real noise environment. Although persistent fluctuations suggested ongoing difficulties

in adapting during the

late phase, the overall convergence of both patterns indicates that the model

has avoided overfitting and achieved a more stable state. The models’ complete training process takes

around 20.3 hours to be completed.
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FIGURE 4.4: Targeted search for the Cassiopeia A supernova remnant. O3 ResNeXt performance is
similar to the Matched filtered one provided by the WEAVE algorithm.

4.5 Results and Discussion

4.5.1 Detection efficiency for individual cells
4.5.1.1 Performance check with a targeted search for the Cassiopeia A

As is customary for machine learning applications, to characterize the performance of our CW detection
method, it is necessary to evaluate it on independent test sets. The first test involves a targeted search
for the supernova remnant Cassiopeia A [275] with an age-based limit of ~ 1.2 x 10724 using real
detector noise and signals with randomly selected phase parameters. Specifically, we aim to determine
the GW strain required for the detection method to achieve a 90% detection efficiency across frequencies
ranging from 20 to 1000 Hz. For comparison, we conducted a WEAVE search [276], which is based on a
semi-coherent averaging of F-statistic values over many individual intervals, each with a coherence time
Teon = 30 minutes. In Gaussian noise without a signal, the value of 2F follows a x? distribution with
four degrees of freedom and an expectation value of four. The presence of signals, however, results in
a non-central x? distribution with a non-centrality parameter proportional to hZ and depends on the
sky location, source orientation, and the detectors’ orientations and locations. This offset provides an
estimate for the matched-filtering detection statistic. Asshown in Fig. 4.4, the O3 ResNeXt demonstrates
competitive performance compared to the matched-filtering alternative, with only a slight decrease in
performance at frequencies higher than 500 Hz. This decrease is commonly attributed to the increasing

Doppler broadening of the signal in the detector frame, which is a well-known effect.

4.5.1.2 Efficiency versus signal strength

To evaluate the models, we generated two independent test datasets: one containing Gaussian noise

data and the other containing real detector data, with signals of varying depths D from 10 to 150,
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corresponding to SNRs from 5 to 400. For the real detector noise, we selected ten new data chunks
different from those used in training. We measured the efficiency of Gauss ResNeXt and O3 ResNeXt
models at a fixed false-alarm rate of 1%. For comparison, we included the performance of the established

SOAP Viterbi map (Vitmap) method, as illustrated in Figs. 4.5 and 4.6.

In the first scenario, Fig. 4.5 depicts the models’ performance on signals injected into Gaussian noise.
Both Gauss ResNeXt and SOAP Vitmap exhibited similar sensitivities. However, O3 ResNeXt performed
poorly on this dataset, misclassifying all samples as “signal.” In the second scenario, Fig. 4.6 shows the
efficiency of the models on signals injected into real noise data. Here, O3 ResNeXt outperformed the other
models, followed by SOAP Vitmap and Gauss ResNeXt. This disparity of the generalization capability

of O3 ResNeXt reveals a key observation: the network trained on Gaussian noise data performs poorly
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real detector noise) failed to produce any significant result and was largely misclassifying every sample

as signal.
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FIGURE 4.6: Efficiency of search for signals injected into real detector noise from the O3 observation
run. The most efficient model is the one trained with real detector data, followed by the SOAP CW
Vitmap and Gauss ResNeXt coming at last.
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TABLE 4.2: Network detection efficiency at fixed 1% false-alarm rate attained by the trained networks
and the SOAP CW Vitmap evaluated on Gaussian/Real detector noise datasets.

D% SNR?%
Gaussian Real Gaussian  Real
noise noise noise noise
Matched-Filtering 30.83 36.78 127.54 59.72
Gauss ResNeXt 25.29 9.92 139.09 215.08
03 ResNeXt —— 36.04 —— 63.16
SOAP Vitmap 19.37 17.11 167.57 157.90

on real noise data, and vice versa. This suggests that each model learns noise characteristics specific
to its training noise environment. While O3 ResNeXt excels with real detector data, its training on
complex, realistic noise environments likely gives it the ability to detect weaker signals more effectively,
but at the cost of performance in simpler, Gaussian noise scenarios. This apparent overfitting to their
noise environment is caused by the very deep architecture of the base ResNeXt-50 model, that learns
deep features of the underlying spectrogram background. The SNRs and signal depths D at which the
models achieved 90% efficiency are summarized in Table 4.2. For both Gauss ResNeXt and O3 ResNeXt,
we observe performance close to matched-filtering in their corresponding noise environments. However,
these good results deteriorate at sensitivity depths > 25 Hz /2 for Gauss ResNeXt and > 40 Hz /2
for O3 ResNeXt. Despite this, we consider the performance of O3 ResNeXt to be sufficiently robust to

attempt generalization to larger spectrogram sizes.

4.5.2  Generalization to larger cells

Next, we turn our attention to longer observation times and potentially wider frequency bands. There
are two perspectives to consider: either retraining the model with entire spectrograms encompassing

larger observation periods or splitting a long-duration spectrogram into smaller segments, calculating a

Signal Probability Heatmap

450.3
450.2 08
450.1
— 06
N
04
4498
4497
02
4496

Bayesian Posterior - Absence Bayesian Posterior - Presence

450.3 -

450.2 -

H:
»
&
3
o

Probability

Frequency
&
S
3
©

4498 -

6.195 6.200 6.205 6.210 6.215 6.220
Time (s) x10% p noise p signal

0.4 0.6 0.8 | 0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 4.7: Example of a larger spectrogram composed of 7 x 15 individual cells, encompassing a

bandwidth of 0.868 Hz and a duration of 69.9 days. The left panel shows the signal probability heatmap,

indicating the probability of signal presence across time and frequency. The right panels display the
Bayesian posterior distributions for noise (absence) and signal (presence) as a function of frequency.
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detection statistic for each, and combining them later. This brings us back to the well-known debate of
coherent versus semicoherent methods. Due to its computational feasibility and the fact that it requires
no additional training, we chose the latter approach. Our goal is to determine if the method used for
individual cells can be generalized by using a semicoherent framework to combine the detection statistics
of multiple individual cells. For simplicity, we employ a naive Bayesian approach to calculate the posterior

probability of noise/signal for the i-th frequency bin as

n

piCule) = (@) [] eI, (7)

Jj=1

where Z =), p(Cy)p(x|Cy) is a normalization factor. The posterior p; represents a probability for each
of the k = 0,1 possible classes Cy, = {noise, signal} given a problem instance to be classified, represented
by a vector @ = (z1,...,%,) encoding n individual cells along the time axis. By calculating this over
each frequency bin, we obtain a posterior distribution as a function of frequency. Then to assign a class
label § = C}, to the i-th frequency bin, we apply the mazimum a posteriori decision rule, which is defined

as

g; = argmax p(Ck) Hp(a:j\C’k). (4.8)
ke{0,1} j=1

Finally, if for a given large spectrogram, any of the §; is classified as “signal” rather than “noise,” the
final classification for the entire spectrogram is “signal”. A schematic on the segmentation of larger

spectrograms into individual cells is shown in Fig. 4.7.

To test this method, we use the O3 ResNeXt network to evaluate datasets containing two distinct sizes of
spectrograms with signals embedded in real-detector noise. Both datasets cover a frequency bandwidth of
0.868 Hz, corresponding to seven individual cells along the frequency axis. The time durations for these
datasets are: a) five individual cells along the time axis, covering ~ 10 seconds, and b) 25 individual
cells along the time axis, covering ~ 107 seconds. As shown in Fig. 4.8, the efficiency decreases when

dealing with longer duration spectrograms. Table 4.3 summarizes the signal strength at 90% efficiency.

Instrumental artifacts likely play a significant role in the observed decrease in performance for the spec-
trograms considered in this study. As noted in Ref. [277], the O3 strain data from the detectors contains
many contaminated sub-bands that were removed from their analysis due to saturation and severe con-
tamination. However, in our study, we chose not to exclude these sub-bands to assess the robustness of

our model against such disturbances.

Given the limitations discussed earlier, there are several alternatives to enhance the work presented here.

The successful detection capabilities observed for T ~ 4.66 days should, in principle, be extendable

TABLE 4.3: Detection efficiency (1% false alarm rate) of the O3 ResNeXt for larger duration spectro-

grams.
D% SNR?%
03 ResNeXt T = 4.02 x 10° s 63.16 36.01

03 ResNeXt T = 10% s 51.59 75.28
03 ResNeXt T = 107 s 20.60 ——
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FIcure 4.8: Efficiency of the O3 ResNeXt model when evaluating larger spectrograms containing
signals injected into real detector noise. As the observation time increases, we see a clear performance
deterioration.

to longer durations. First, to address the issue of instrumental artifacts, an additional classifier could
be integrated into the proposed architecture, classifying into three categories: 1) signal, 2) noise, and
3) artifact. This should enhance robustness and add statistical stability when generalizing to longer
spectrograms. Another possibility, as discussed by Ref. [277], is to veto frequency bins excessively
contaminated with non-stationary noise and spikes. However, ideally, we would prefer an automatic tool

that does not require a manually selected list of frequency bins.

Another problem is how to effectively combine the individual detection statistics for each cell, as formu-
lated in Sec. 4.5.1.2. The naive Bayes classifier is a preliminary approach. However, as noted by Chandra
[278], updating the posterior probability (Eq. (4.7)) based on the probability of signal presence/absence
can lead to numerical underflow and floating-point errors due to the extremely small magnitudes in-

volved. Therefore, a more stable approach is to use log-probabilities instead of direct probabilities.
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Instead of computing the posterior using Eq. (4.7), we compute a version using log-probabilities for

numerical stability. For each frequency bin i, the posterior probabilities are calculated as follows

log pi(Ck|@) = log p(Ck) + Y _ log p(w;|Cr) (4.9)

j=1
which, upon normalization and conversion back to probabilities, becomes

(Ol = _EPU0gpi(Crlz))

Another alternative is to use the logits, which are the raw outputs of the modified ResNeXt before the
final sigmoid layer, as the detection statistic. In other words, we would have a statistic 6 e R, similar to
the F-statistic, making possible the use of an analogous approach and enabling combination across the

time axis via the same theoretical and programming framework.

Finally, an alternative method involves taking the statistics obtained for the entire frequency bin and
combining them into a vector that can be fed to another Multi-layer Neural Network for the final predic-
tion. Any of the methods and improvements mentioned before, if performed well, should approximate the
optimal filter. As demonstrated by Joshi and Prix [253], the statistic output by a CNN approaches the
functional form of the optimal semi-coherent F-statistic up to an affine transformation. This phenomenon

should be observed here when properly combining the detection scores.

4.6 Conclusions

In this study, we developed a binary classifier CNN using transfer learning to detect unmodeled CW
signals in Gaussian and real detector noise. Utilizing the pre-trained ResNeXt-50 architecture as our
foundation, we trained two models, Gauss ResNeXt and O3 ResNeXt, employing a curriculum learning
strategy. Compared to the SOAP CW Vitmap method, our transfer learning approach demonstrated
superior performance. For short time durations of approximately 4.66 days, the models achieved sen-
sitivities close to those of matched-filtering. However, both networks learned features specific to their

respective noise environments and generalized poorly when evaluated on different types of noise.

To extend observation periods and frequency bands, we adopted a Naive Bayes classifier approach,
using the previously developed network to segment large spectrograms into individual cells and combine
the detection statistics for each frequency bin. The performance of O3 ResNeXt decreased with longer
observation periods, revealing challenges in maintaining performance over extended durations. Therefore,
further work is required to improve detection efficiency. Exploring alternative and more robust approaches
than the Naive Bayes classifier to combine the detection statistics of individual cells could enhance
performance in larger spectrograms. Another potential improvement is to utilize this network architecture

for parameter estimation given a prior physical model.
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One significant challenge we encountered was the numerical instability associated with combining prob-
abilities directly, possibly due to underflow issues. To address this, the use of log-probabilities for
computing posterior distributions should be introduced, which should provide a more stable numerical
framework. This approach involves calculating the log-probabilities for signal presence and absence, then
normalizing these to obtain the final posterior probabilities. This method can potentially the numerical

issues encountered with the traditional Naive Bayes classifier.

Another promising approach involves using the raw logits from the network before the final sigmoid layer
as detection statistics. This method allows for a broader range of values, similar to the F-statistic, facili-
tating the combination of detection scores across the time axis more effectively. Additionally, integrating
a classifier to differentiate between signal, noise, and instrumental artifacts could enhance the model’s

robustness and statistical stability.

Finally, combining the detection statistics from all frequency bins into a vector that can be fed into
another Multi-layer Neural Network for final prediction presents another potential improvement. Any of
the methods mentioned before, if properly optimized, theoretically, could approximate the optimal filter.
As demonstrated by Joshi and Prix, the statistic output by a CNN approaches the functional form of
the optimal semi-coherent F-statistic up to an affine transformation, suggesting similar improvements

could be achieved here with proper training.

Future work should focus on refining the proposed architecture to enhance its robustness against instru-
mental artifacts. An intriguing avenue for future research is expanding the current network for parameter
estimation of CW signals. Initially, this could involve estimating the parameters of an isolated neutron
star. Subsequently, the model could be generalized to a binary system, incorporating additional orbital

parameters that add complexity to the signal characterization.



Appendix A

A.1 Einstein Field Equations

The Einstein Field Equations can be derived from the principle of least action. This involves integrating

a Lagrangian density over space-time:

S = /d% L. (A1)

The Lagrangian density is a scalar, and the only independent scalar that can be constructed from the
metric, which includes second derivatives, is the Ricci scalar R. Hilbert demonstrated that the simplest

choice for such a Lagrangian is

Ly =+v—gR. (A.2)

The equations of motion are obtained by varying the action with respect to the metric. Using the identity

R=g"R,,, we get

0Sy = /d”a: (\/—gg‘“’(SR,W +V—9gR, 09" + R6\/—g)

= (68)1 + (3S)2 + (69)3. (A.3)

The second term, (0.5)2, is explicitly expressed as a factor multiplied by d¢g*. For the first term, it can
be shown that
OR!, ., =V, (T",,) =V, (6F”pg) , (A.4)

vp

where I'!;, are the Christoffel symbols given by

i 1 (0Gmk  Ogmi  Ogu
P = (8ml + Oxk  Oxm )’ (A-5)

Hence, the contribution of the first term is

(68); = / e/ gg"™ (V, (5T7,,) — V, (T”,.)) (A.6)
= / d"z/=gVs (g (6T7,,) — g" (6T7,,)) - (A7)
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The integrand in the previous expression is a total derivative that, by virtue of Stokes’ theorem, con-
tributes only with a boundary term. When the variation of the metric §g"* cancels out in the vicinity of

the boundary, (45); equals zero. For the third term, (§5)s, we use the following identity valid for any

matrix M:
Tr(ln M) = In(det M). (A.8)
The variation of this identity implies
1
—1 _
Tr(M ™ 6M) = 7detM6(det M), (A.9)

then we have

1 1%
0N/—g = —5\/—gguyég“ . (A.10)
Replacing this in Eq. (A.3) and considering that the first term has a null contribution:
1
0Sy = /d”x\/—g {Ruv — 2ng} oghv. (A.11)

This integral must vanish for arbitrary variations, leading to the Einstein Field Equation in vacuum:

1 S
V=g g1

1
= Ry = 3 Rgu = 0. (A.12)

To obtain the full EFE, we need to consider an action of the form

1
167

where S) is the action for matter. Analogous to the previous derivation, we find

1 58 1 1 1 6Su
— v — = v —_— =0, A.14
V=gdgrr 16w (R” 3 11 ) M (8.14)

from which the EFE are recovered if
2 4SSy

TW=———. Al
H /_g (Sg;,w ( 5)

A.2 'Wave equation derivation

The starting point is the expansion of the EFE around the flat-space metric

uv = Nuv + hp.l/a |hp,1/| < 1, (A16)
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expanding the Christoffel symbols up to linear oder in hy,,

1
Fp;w = 59" (a,ugm/ + augau - aag/w)

2
1
= 5 (77/)0 - hpa) (au [770'1/ + hm/] + al/ [7701/ + hau] - 80 [7701/ + hau])
1
=3 (Ouhov + Ovhop — Oshyw) + O(hOh) (A.17)

For the Riemann tensor we have

R,u

vpo

0,1, , — 0T, , + T4, T, =T, T%,

1
= 2{8p77““ (Ovhao + Oshay — Oahue) — 0™ (Oyhap + Ophay — aah,,p)} +0 ((ah)g) (A.18)
so the Ricci tensor is up to first order

_ pB
Rys =R", 5,
1
= 5 {aﬁnﬂa (8Vhoza + aohoa/ - aahlza) - 8077ﬁa (auhaﬁ + 8phow - 8ahuﬁ)}
1
= 5775a {8Bauhaa + 8,860hau - aﬂaahua' - aaauhab’ - 80'8ﬁhoa/ + aaaahuﬁ}

= o1 (D0l — Dsahue + Dol — OrDhas) (A.19)

Cgrac
Then, the Ricci scalar can be described as

1
R=R", =" Ruy = 50" 0" Covao (A.20)

Replacing Eqs. (A.18), (A.19) and (A.20) into the left-hand side of the EFE yields
1
G/,LV = R,u,l/ - iRg,uV

= 51" Chpow = 5w (2775 " ”Capao>

1 @ @
= Z (20 pav nP«VCp pa)
1
=7 <2aaa,thw — 200y + 20,00h,% — B, 0h — ™ (20%0,h,F — 2Dh))
1
= (aaauhay 4 0Oy hye — Oy + 8,8k — 1P O°0,h,P + n“”Dh) (A.21)

Where h = n*"h,,, and 0 = 0*0,. The equations of motion are written more compactly defining

- 1
h’/ﬂ/ = h;uj - inuuha (A22)
which implies

= 1 1
h = n“”hl“, = 77/“’ <hl"V — 27]#Vh) = — 5(4) = 7h (A23)
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Hence

h;uj - B;,w - 777}“/77/ (A24)
Plugging this result into Eq. (A.21) we get
G = 2400, (hoy — 2078 ) + 00, (o — 202B) — O (e — 2B
72 2 i av 277 v av 277 av 277
_ _ 1 - -
= 0,0,(-1) = 100" (T = 30™"R ) + 1,51
1 - . _ - 1 _
= Q{GO‘GHhM + 0“0vhpe — Ohpy — 1030707y — inwaaaﬂh
1 oo 7 1 . -1 P _
— 577”&8 o h + 577;th +0,0,h + imwnapﬁ 0°h — 1, 0h
1 feY 7 feY 7 7 fe} 7
=3 (00, haw + 0%“Ouhpa — Ohyy — 104,0%0° hayp) (A.25)
Upon imposing the Lorentz gauge auﬁw = 0 we have

1 -
G = 500 (A.26)

and finally plugging into the EFE and multiplying by 2

Ohy, = @Tw (A.27)

which is the wave equation for the gravitational field.



Appendix B

B.1 Phase of a GW signal

We assume that in the rest frame of the neutron star the time dependence of the phase of the gravitational-

wave signal can be written as a power series of the form:
8 k+1
Wyo(7) = g + 2 _T___ B.1
(1) o+ szzofns CETk (B.1)

where 7 is the proper time in the neutron star rest frame. The assumption (B.1) means that the

instantaneous frequency of the signal in the rest frame of the neutron star is given as

1 d¥y(r) u (k)Tk
fIlS(T) T 27T dT - ;)fns k' ’ (B2)

SO r(lf) is the kth time derivative of the frequency evaluated at 7 = 0. We assume that the neutron star

is moving with respect to the SSB uniformly along a straight line according to the equation

To
Tus(t) = rong + vpehy, (t + €> ) (B.3)
where 7o 1= |rus(t = —710/c)|, 9 := Tus(t = —70/c)/ro. If we denote by vy, the constant velocity vector
of the neutron star then vys := |vps| and n, := vus/vps. The time ¢ in Eq. (B.1) is the time coordinate

in the SSB rest frame. We do not allow the neutron star to have an intrinsic acceleration. This means
we exclude binary neutron stars, except of the binary periods so long that the acceleration effects may
be accurately approximated by a Taylor series during the observation time. The phase observed at the

SSB at some time ¢ was emitted by the star at the coordinate time ¢’ such that
ns (1
t= ¢ 4 ()] (B.4)
c

One can show that the relation between the time ¢’ and the star’s proper time 7 is as follows

r=1-f. (t/ + %0) 7 (B.5)
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where SBh5 := Uns/c. In Eq. (B.5) the time dilation effect is taken into account. We have also assumed

that 7 = 0 when the star’s position vector w.r.t. the SSB is rgng. We can now write
\I/SSB (t) = lI’ns (7’) (B6)

where WUggp(t) is the phase observed at the SSB at time ¢, and the time 7 can be expressed in terms of

t by means of Egs. (B.4) and (B.6). Collecting Egs. (B.1) and (B.4)-(B.6) together we can write

(1-— 2 \(k+1)/2 ro k+1
- <I>0+27r2 rgl;)m(t +2)", (B.7)

where ¢’ is the solution of Eq. (B.4) for a given time ¢. It reads

1

t = 1- 32 [t + %Oﬂns(ﬂns +(no - my))

- \/52 t2 + 2 anwns ( nu)]t + Zé[l + ﬁnS(no ’ nv)] :| : (B.S)

We expand the function Wgsp given by Egs. (B.7) and (B.8) w.r.t. time ¢ around ¢ = 0. The first few

terms of the expansion read

P @ =0 — st + {8+ f?ﬁo “;:3 e
+{f§?}3+ (11((81(; n,) ﬁns ro/c [fs(
:
et TP ] 1 g ou .
where
o (0-p) B k=0,...,s (B.10)

SSET (14 (no - my)Bus)PH
As a result of the motion of the neutron star w.r.t. the SSB the Taylor expansion (B.9) of the phase
Uggp contains infinitely many terms, even if we restrict, as in Eq. (B.1), the intrinsic spindown of the
star to a finite number of terms. When the neutron star moves radially w.r.t. the SSB then (ng-n,)? =1

and the function Wgsp can exactly be written as the finite sum:

S & tk+1
Ussp(t) = Bo + 2 Y fieh Sk (B.11)
k=0 ’

We shall assume the following polynomial model of the phase of the gravitational radiation observed at

the SSB:
tk+1

(k+1)!

Ussp(t) = B + 27 Z £iR) (B.12)

where the new spindown parameters fo ) do not in general coincide with the Doppler scaled intrinsic
spindown parameters fss%3 defined by Eq. (B.10). We write the position vector r4 of the detector with
respect to the SSB as

ra(t) = ra(t)na(t), (B.13)
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where r4(t) := |rq(t)| and ng(t) := rq(t)/rq(t). The phase of the gravitational-wave signal at the time ¢
at the detector’s location corresponds to the phase near the neutron star at an earlier instant of time ",

where t” is the solution of the equation

s t” _ t
t=1¢"+ M_ (B.14)
c

The same value of the phase is observed at the SSB at time

o Irus(®)]

4 (B.15)
thus using Eq. (B.10) we can write
s (k) " k+1
” Tn (¢
Vy(t) = By +21 > uﬁrl)' (t (t) + |S(C())> (B.16)
k=0 '

where t”(t) is the solution of Eq. (B.14) for given time ¢. Using Egs. (B.3) and (B.13) we express the

solution ¢’ to Eq. (124) in terms of the time ¢ and the two small parameters s and x := r4/7¢:

t//(xvﬁns) = 1_% |:t + %)ﬂns[(no : nv) - (nd : nv)x + ﬂns]

ns

- ((t + %6ns[(n0 : nv) - (nd . nv)x + ﬁns])2 + (1 - gs)
, 1/2
X (Zg[l + B2, — 2(ng - ng)z + 2% + 2((ng - ) — (ng - 0y)7)Bus) — t2>) ] : (B.17)

Using Eq. (B.13) we also find that

[ras (¢7)]

B} 2
— T—g —+ 27;0 (t" =+ T*O) (nO . nv)ﬂns + (t” + 7;0) gs' (BIS)
c c c ¢ ¢

We now study how to simplify the phase ¥, given by Eqgs. (B.16)-(B.18).

An optimal method to detect our signal in noise developed in Section 3 involves correlating the data
with templates of the signal. In general if the phase of the template differs from that of the signal
by as little as 1/4 of a cycle the correlation will be significantly reduced. Thus we adopt the criterion
that we exclude an effect from the model of the signal in the case when it contributes less than 1/4 of
a cycle to the phase of the signal during the observation time. That this criterion is only a sufficient
condition but not necessary follows from the correlations among parameters of the phase. The shifts in
the values of the parameters in the template phase away from the true values of the parameters in the
signal phase can compensate for the effects in the signal not taken into account in the templates. This
effect was observed for the case of coalescing binaries [279, 279, 280]. Finally we stress that such shifts
in the template parameter values mean that the estimators of the parameters of the signal when using
an inaccurate template will be biased. It may happen that these biases are much larger than the rms
errors of the estimators. Thus templates accurate to 1/4 of a cycle over the observation time may not

be needed to detect the signal, but they will be needed to obtain accurate estimates of the errors in
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parameter measurements. In calculating the number of cycles we assume a long observation time of 120
days, the maximum gravitational wave frequency of 1 kHz, and the extreme case of a neutron star at a
distance 79 = 40 pc with v,s = 103 km/s. For this extreme case the parameters x and (s assume the

values (as to a good approximation rqy = 1 AU):
r=121x1077, PBns=3.34x 1073 (B.19)
The numerical values of the spindown parameters fék) we estimate by means of the relation:
“ngﬁ— B.20
89 2w (B.20)

where fj is the radiation frequency and 7 is the spindown age of the neutron star. As the extreme case
we will consider 7 = 40 years. It is convenient to carry out the Taylor expansion of the phase (B.16)

with respect to the parameters x and S,s. We note that for any n

"Wy
IBis

(2 =0, Bys = 0) = 0. (B.21)

Analysis of the first few terms of the Taylor expansion shows that for the observation times T, < 120
days, neutron star distances ro > 40 pc, velocities v,s < 103 km/s, frequencies fy < 1 kHz, and spindown
ages 7 > 40 years, the only terms which can contribute more than 1/4 of a cycle to the phase of the

signal, read

k+1
(k) t 2 (k)t
U, = Py + 27 E ( n 1)! + o ( > T4 E Ak (B.22)

where v, 1= vps — (N - Vps)Ng is the component of the velocity vy,s perpendicular to the vector ng. The
ratio vys) /7o determines the proper motion of the star. The term in the above expansion proportional
to vpsy /ro contributes at most ~ 4 cycles. We shall not consider it in this paper. We shall look at the
possibility of its determination in the next paper of this series. Consequently we restrict ourselves to a

phase model at the detector of the form

thr

\Ild*q)oJrQWZ (k)(k—l—l)

k=0

tk
no rde((k) . (B.23)

The model (B.23) contains the position r4 of the Earth relative to the SSB, which we now consider. In

addition we must consider extra, purely relativistic effects left out of (B.23).

Motion of the Earth w.r.t. the SSB is very well determined and there are several computer ephemeris
routines available. Here we assume for simplicity that the Earth moves on a circular orbit around the
Sun. The eccentricity of the Earth’s orbit (eq = 0.017) introduces a change of about 8.3 x 10% cycles in
the phase w.r.t. the phase for circular orbit for 1 kHz signal, so it must be included in realistic filters. But
it introduces no new parameters so we ignore it here. We also ignore the motion of the Earth around the
Earth-Moon barycenter. There are two types of relativistic corrections. One originates in the difference

between the coordinate time ¢ which we used in the derivation of the phase model and the proper time
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7 in the detector’s reference frame. The difference is due to the combined effect of the gravitational
redshift and the time dilation. The other correction is the Shapiro delay caused by the propagation of
the gravitational wave through the curved spacetime of the solar system. We estimate the contribution

to the number of cycles in the phase produced by these corrections.

The difference between the coordinate time ¢ in the first order post-Newtonian coordinate system which
is assumed to be the rest frame of the SSB and the proper time 7 kept by a terrestrial clock is discussed

in detail in Ref. [281]. The difference At := ¢ — 7 is given by the integral

se=5 [ Jueen+ "G5 ar, (B.21)
where r is the position vector of the clock w.r.t. the SSB, v := 7 is the clock’s coordinate velocity, and
U (r(t")) is the instantaneous gravitational potential at the clock’s location. The time difference described
by the integral (B.24) can be split into the secular and periodic part. The secular difference is due to the
practically constant rotational velocity and the Earth’s gravitational potential at the detector’s location
as well as the average orbital velocity of the Earth and the average gravitational potential along the
Earth’s orbit. This secular difference corresponds to the rescaling of the time coordinate and can be
incorporated into the definition of the spindown parameters. The main contribution to the periodic part
of the integral (B.24) was calculated by Clemence and Szebehely [282] and then corrected by Blandford
and Teukolsky [283]. It can be written as

2GMgegq

1 1 3
10 {(1 - 8639) sin Mg, + 5@ sin 2Mg + geé sin3Mg |, (B.25)
0

(AE)periOdiC = C2a@(1 _ egB

where Mg is the mass of the Sun, ag = 1 AU, Qg is the mean orbital angular velocity of the Earth, eg
and Mg are the eccentricity and mean anomaly of the Earth’s orbit. The quantity (At)periodic varies in
time with the period of one year and has the amplitude ~ 1.7 x 1073 s, so for a 1 kHz gravitational wave
the contribution of this correction to the total number of cycles is not greater than ~ 2 cycles. Even
when it must be included in a filter, it introduces no new parameters. The magnitude of the Shapiro

delay can be estimated from the relation [284] (neglecting the eccentricity of the Earth’s orbit)

3o 20 (1Y, o

1+ cosf

where 6 is the star-Sun-detector angle at the time of observation. To estimate the maximum value of the
Shapiro delay we consider a neutron star in such position that at some instant of time the line of sight
from the detector to the neutron star is tangent to the surface of the Sun. Then 6 = 6; ~ m — (, where
¢ ~ Ry/1 AU ~ 4.65 x 1073 rad ( R is the radius of the Sun). Six months later § = 0y ~ (, so the

amplitude of the correction is

20Me |, L C0s02 g 10-t s (B.27)

As0=01) = As(0 =) ~ E R 1+cosf

For a 1 kHz gravitational wave this gives ~ 0.1 cycles. So the Shapiro delay will be unobservable. We

see that the relativistic corrections that need to be applied to our formula are small. By our 1/4 of a
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cycle criterion they can be neglected if we search for signals with frequencies less than ~ 100 Hz. We
shall not consider these corrections in this and the following papers of the series since they are unlikely

to influence our results. However they should be included in filters.
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